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S U H M A H
The distributions of stresses and strains in deep composite 
beams subjected to bending with shear, have been examined.
Initially photoelastic models v/ere used. A method of 
manufacturing suitable photoelastic models is described, and a 
method of separating stresses, using a modified form of the well 
known shear difference method, has been developed. This enables a 
digital computer to be used to carry out the many calculations 
required to determine the separate stresses. This method is fully 
described and the computer program presented as an appendix,
A number of finite element programs have been written, 
and a sample program, using elements which allow linear variations 
of strain within them is presented as an appendix so that other 
investigators may make use of it. These finite element programs 
have been used to determine the distribution of stresses and strains 
in five different beams.
Using the maximum tensile strain as the criteria of 
fracture for the matrix, crack patterns have been developed in each 
of the five beams. At each stage of crack development, the 
distributions of stresses and strains have been determined, and for 
some representative samples, these distributions are presented in a 
graphical form.
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I N T R O D U C T I O N
The problem of bending together with shear, applied to 
composite beams, has long been of particular interest to Engineers 
designing reinforced concrete beams. The current design process is 
complex because (a) it is not a simple matter to analyse the 
stresses in components constructed from different materials, and 
because (b) concrete itself, is a composite material which is not 
homogeneous, isotropic or linearly elastic.
This overall field of research can then be divided into 
two broad fields. One is the investigation of the general behaviour of 
concretes when subjected to stress. The other is the analysis of the 
stress and strain distributions in reinforced concrete beams, using 
acceptable laws or theories concerning the behaviour of concrete and. 
steel under stress.
In considering such analyses there are many possible 
variables to consider, e.g. mechanical properties of steel and 
concrete, modular ratio of steel and concrete, % reinforcement, ratio 
of shear span to depth of section, type of reinforcement, type of 
cross section, type of loading etc., and it is obvious that one 
investigator cannot, in a reasonable period of tirae, examine in 
detail, the effects of all such variables.
It is of paramount importance to the engineer, that rules 
for the design of these beams are available, which give an adequate 
margin of safety. Such rules can be formulated empirically'by 
examining the modes of failure, and the loads at which they occur, 
of a wide variety of beams. Over the years many such rules have 
been formulated, and modified, as more detailed knowledge became 
available.
In such a wide field of investigation, it is to be 
expected that a large number of detailed investigations will be 
made, and a very considerable amount of literature has in fact 
been published.
13In 196^, Smith reviewed in detail, and analysed much
of the work done in this field up to that time, and in 1967*
1^fRegan also gave a detailed and critical review, and put forward
acceptable rules for design purposes. In 19&9* the Institution
of Structural Engineers published the findings of their Shear Study 
16Group which consisted of fourteen emminent workers in the field. 
This Study Group reviewed the various Shear Theories available at 
that time, and developed simplified design recommendations, but the 
complexity of the problem is indicated by the introductory remarks 
of the Chairman, Professor A.L.L. Baker, in which he said "The 
Study Group has failed to reach complete agreement on the detailed 
analysis of beams failing in shear, but has produced design rules
and tables which are acceptable to most members of the Group."
The whole field has thus been very carefully reviewed,
and by treating the broad spectrum in a semi expiries! manner,
design tables and formulae, which give safe results, are available. 
These formulae have generally been determined by making two sets 
of assumptions. The first being about the stress strain relation­
ships for the materials and the second about the distribution of 
stresses and strains within the beams.
For example Regan assumes a parabolic relationship 
between stress and strain for concrete., and further assumes a linear
variation in longitudinal strain in the concrete above a crack.
17The A.C.I. - A.S.C.E. equation is based on the maximum 
tensile stress being the cause of failure of the concrete, but due 
to the fact that the stress distributions in the beams are not 
known, factors are introduced into the equation to make the formula
give safe results.
Host formulae ignore the fact that the tensile 
reinforcement may be subject to transverse shear stresses, i.e. the 
dowel effect is ignored in the design formulae. This is acceptable from 
a design point of view because it makes the formulae even more safe 
by assuming that the concrete carries all instead of part of the 
shear force. Lorentson makes an allowance for the dowel action, 
but does so by assuming it to be proportional to the depth of the beam*
It is evident that analyses are required which are based on 
fewer assumptions, and covering deto particular aspects of tin 
field.- Hence this investigation has been made.
Realistic material properties have been assumed, and 
then for a number of bean configurations the distributions of 
stress and strains have been determined. In this way the validity 
of some of the assumptions made by other workers regarding stress 
distributions for these particular beam configurations can be 
examined. Only a limited number of beams have been examined, and 
many more such detailed analyses are needed before general conclusions 
could be drawn.
In this investigation, the matrix is assumed to behave in 
a linearly elastic manner up to fracture, and that fracture of the 
matrix occurs when the tensile strain reaches a predetermined value.
The reinforcement is assumed to be linearly elastic and neither 
yields nor fractures under the test loads. It is understood that 
in fact concrete is not linearly elastic. The stress strain curves 
are slightly curved, but since this curvature is generally quite 
small, it is felt that the assumption of linearity does not 
seriously detract from the real situation, and enables a realistic 
analysis to be made. A finite elerncnI: analysis of a number of 
beams at various stages of cracking would have been impractical,
DU .
if non linear properties were assumed, since an iterative type 
of solution would be required in each case. This would have 
required an unreasonable? amount of computer time. The computer 
time on an IBM. 360/5Q machine for one stage of cracking was 
about 20 to 30 minutes or about 40 to 60 minutes on an ICL.19C& 
machine. However, the spe:d of the new generation computers is now 
much higher, and it would be feasible to extend this investigation 
by using a finite element program which allows for non linear 
stress strain behaviour to analyse the stress distribution for one 
or two load cases. It would still not be practical to attempt to 
analyse in this way many stages of loading for a variety of beams.
In many previous investigations, for example^’ 
various authors have measured the strains in reinforced concrete 
beams at various parts of the shear span, using a variety of 
different types of strain gauges and displacement transducers.
These gauges must be applied at fixed positions prior to loading, 
and since one of the areas of interest, is the area above each 
crack as it progresses, it is not practical to use strain gauges 
.for this purpose, since the exact location required for the gauges 
is not known in advance. The finite element procedure presented here 
is a major advance in this respect, because a record of the overall 
displacement, strain and stress distributions is determined at each 
stage of cracking. If more detail is required in a j)articular local 
area, this can be obtained from the overall displacement pattern 
by using a fine mesh of elements- and applying the known displace­
ments at the nodal points around the boundary of the area.
Previous attempts have been made to analyse stresses in 
reinforced concrete beams using photoelastic methods, but as far 
as this author is aware, none of these have been really successful 
in determining the general distribution of stresses iri the concrete
at various stages of cracking. Bigneli, Smalley and nc-i ~s-ls
experimented with different mixes of resin and hardener, and
developed a brittle resin, which when used with the magnesium
alloy ZW3 as a reinforcement, produced a model which gave a crack
pattern, when loaded, similar in appearance to the ones which
develop in reinforced concrete beams. However these authors stated
that in all of the beams tested "they suddenly developed all the
cracks at one particular load". It follows that it was not
possible for them to separate the stresses at various stages of
cracking. In fact, although photographs of isochromatic patterns
were given in the paper, no reference was made to the evaluation
of the separate stresses. Keferring to the model prior to loading,
it was stated that "fringes indicating internal stress could be
seen when the samples were placed between polaroids", therefore
it would have been necessary to determine these assembly stresses before
the stresses due to loading could have been determined. The assembly
stresses would have to be determined at each stage of cracking,
since the propogation of cracks would, of itself, modify the
distribution of the initial stresses. Although a model technique
for simulating crack patterns has been demonstrated, the results
of the investigation have not been analysed in a way which provides
any further information about the behaviour of reinforced concrete
beams. Indeed, in view of the shortcomings of the experimental
method, it seems unlikely that a satisfactory simulation of the
prototype behaviour could be obtained by the proposed method*
22Christodulides used photoelastic models to investigate 
the stresses in end anchorages in prestressed concrete beams, but 
states that he was unable to rely on the results, and had to carry 
out tests on full scale prototypes.
25Subsequently Rasheeduzzasar undertook a similar series 
of tests on single and multiple end anchorages v/ith rather more 
success. Both of these studies were concerned with the analysis 
of the elastic stress distribution and made no reference to the 
initiation of failure.
In the current investigation photoelastic tests were 
included, and although this method was later abandoned in favour 
of finite element methods, a measure of success was achieved, and 
further, from the knowledge gained from the finite element tests, 
it has been possible to suggest ways in which photoelastic models 
could be used for further investigations.
C olm parison  B e tw een  E la s tic  S tre s s e s  D e te rm in e d  B y P h o to e la s tic  
and F in ite  E le m e n t P rocedures®
P h o to e la s tic  In v e s tig a tio n s
M o d e l beam s w e re  p re p a re d  u s in g , a ra ld ite  C T 2 0 0  fo r  the  
m a t r ix ,  and a lu m in iu m  a llo y  fo r  the re in fo rc e m e n t , g iv in g  a m o d u la r  
r a t io  of n e a r ly  2 5 ,
I t  w as found th a t d u rin g  the c u rin g  o f the jo in t ,  b e tw een  the  
a lu m in iu m  and the a r a ld i te ,  s tre s s e s  w e re  set up in  the m o d e l. I t  
w ould  have been n e c e s s a ry  to d e te rm in e  these s tre s s e s  in  o rd e r  to  
s ep a ra te  the s tre s s e s  due to ap p lie d  loads® To avo id  these a s s e m b ly  
s tre s s e s  in  the p a r t  o f the m o d e l to be a n a ly s e d ,a  sandw ich  tech n iq u e  
w as developed® T h is  in v o lv e d  g lu ing  the a lu m in iu m  a llo y  r e in f o r c e ­
m e n t b etw een  tw o s tr ip s  o f a r a ld i te ,  each 0®05 in . d eep , and  
th o ro u g h ly  c u rin g  th is  g lued jo in t .  T h is  gave a s tre s s e d , but s tab le  
s an d w ich , w h ic h  w hen g lued to a s tr ip  o f a ra ld ite  0 .9 5  in® deep , gave  
a m o d e l f re e  f ro m  a s s e m b ly  s tre s s e s  in  the re g io n  o f the m o d e l to be 
analysed®
The m o d e l w as then  loaded  in  fo u r p o in t b en d in g , as shown in  
F ig  2® 1, and the s tre s s e s  a n a lysed  in  the sh ear span. The p ro c e d u re  
d eve loped  fo r  doing th is  a n a ly s is  has been p u b lis h e d , and a copy of 
th is  p u b lic a tio n  is  g iven  in  A p p en d ix  4 .
S tre s s  S ep a ra tio n  fo r  B eam  o f 2® 5 sh ear Span and 0 .0 2 %  R e in fo rc e m e n t  
The e la s tic  p ro p e r t ie s  of the tw o m a te r ia ls  used fo r  the m o d e l,  
and the m a te r ia l  fr in g e  v a lu e  fo r  the a r a ld ite  w e re  d e te rm in e d  us in g  
s im p le  te n s io n  specim ens® The fo llo w in g  va lu es  be ing  o b ta in e d :-
A 2Youngs M odulus fo r  A lu m in iu m  A llo y  10® 7 x  10 lb f / in
Youngs M odulus fo r  A r a ld ite  0 ,4 3  x  10^ lb f / in ^
P o isso n s  R a tio  fo r  A lu m in iu m  A llo y  0 *3 4 3
P o isso n s  R a tio  fo r  A r a ld ite  0®43
M a te r ia l  F r in g e  V a lu e  fo r  A r a ld ite  5 1 .9
A  g r id  w as s c rib e d  on the su rfa ce  of the m o d e l in  the a re a  to
be a n a ly s e d , and the m o d e l loaded  in  fo u r p o in t bending in  the lo a d in g
fra m e  of a po lariscope®  D e ta ils  o f the m o d e l a re  g iven  in  F ig .  2 .1
The  p o la r is c o p e  w as th en  a rra n g e d  as a p lan e  p o la r is c o p e ,
and the is o c lin ic  p a ra m e te rs  d e te rm in e d  a t each o f the g r id  p o in ts .
A t  the sam e t im e  a c a rp e t p lo t o f these va lu es  w as p re p a r e d , ch eck in g
the v a l id i ty  o f any smoothing® In  th is  w a y , the c o n tin u ity  o f these
p a ra m e te rs  w as d e te rm in e d  to a p re c is io n  o f a p p ro x im a te ly  0 . 1 d e g re e s .
A  copy o f the c a rp e t p lo t is  shown in  F ig .  2 .2
T h e  p o la r is c o p e  w as n e x t a r ra n g e d  as a c ir c u la r  p o la r is c o p e ,
and the is o c h ro m a tic  fr in g e  v a lu e  a t each g r id  p o in t d e te rm in e d  us ing  
2B lo c k  In te g ra t io n  and T a rd y  Com pensation® G raph s  o f fr in g e  v a lu e s  
w e re  p lo tte d , and i f  any unusual sm ooth ing  w as r e q u ire d , the va lu es  
in v o lv e d  w e re  checked  w h ils t  the m o d e l w as s t i l l  in  p o s it io n . S am p les  
o f these graphs a re  shown in  Fig® 2® 3
The  two sets o f g raphs ( is o c lin ic  and is o c h ro m a tic
p a r a m e te r s ) ,  w e re  e xa m in ed  and a t po in ts  w h e re  the eq u atio n  fo r
slope f*  = 1^ ~ ^-1 w ^ e re  k  =: d is tan ce  b etw een  g r id  po in ts  d id  
0
not seem  to be v a lid ,  the slope (a t these p o in ts ) w as m e a s u re d .
The  data  w as e n te re d  in to  the c o m p u te r p ro g ra m  d e s c r ib e d  in  
A p p en d ix  3® T h is  eva lu a tes  the s ep a ra te  s tre s s e s  using the eq u a tio n .
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w h e re  f  = m a te r ia l  fr in g e  v a lu e
N  = is o c h ro m a tic  p a ra m e te r
0 = is o c lin ic  p a ra m e te r
t = m o d e l th ickn ess
- d ire c t  s tre s s  in  y d ire c t io n  a t p o in t A .
= d ire c t  s tre s s  in  y d ire c t io n  a t p o in t B .
T h e  in te g ra t io n  being c a r r ie d  out us ing  a s ta n d ard  n u m e r ic a l  
p ro c e d u re 8 .
in c lu d e s  the input f o r ,  and the p r in te d  output f r o m , th is  set o f data» 
G raph s of s tre ss e s  a long a s e le c tio n  o f lin e s  a re  g iven  in  
F ig *  2 * 4 '(b ), (c ) and (d )e
T h is  p ro c es s  was found to be s a t is fa c to ry , but i t  w as fe l t  
th a t th is  p h o to e la s tic  techn ique im p o sed  r e s t r ic t io n s  due to the  
l im ite d  ra n g e  o f m a te r ia ls  of d if fe re n t  e la s tic  p r o p e r t ie s ,  and  
s u itab le  fo r  p h o to e la s tic  m o d e ls , w h ich  w e re  a v a ila b le *  A ls o , i f  
c ra c k  p a tte rn s  a re  to be d eve lo p ed , these  w ould  r e lie v e  s tre s s e s  
in  the sandw ich p a r t  o f the m o d e l so th a t i t  w ou ld  be n e c e s s a ry  to 
e v a lu a te  the in i t ia l  s tre s s e s , as w e ll  as the to ta l s tre s s e s  u n d er  
lo a d , a t each stage of c ra c k  d e v e lo p m e n t. F o r  these re as o n s  i t  
w as d ecid ed  to in v e s tig a te  the use o f f in ite  e le m e n t te c h n iq u es . 
C on fid en ce  in  the use of these techn iques could  be e s ta b lis h e d , by 
c o m p a rin g  the re s u lts  o b ta ined  by using th e m , w ith  those o b ta in ed  
by the p h o to e la s tic  in v e s tig a tio n s .
The c o m p u te r p ro g ra m  is  d e s c rib e d  in  A p p en d ix  3 w h ich
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F in ite  E le m e n t In v e s tig a tio n s
3 4T h e  f in ite  e le m e n t p ro c e d u re  has now been docum en ted  * *
and a n u m b e r o f d if fe re n t  c o m p u te r p ro g ra m s  fo r  p lan e  s tre ss
3 4 5p ro b le m s  a re  a v a ila b le  * * * F o r  th is  in v e s tig a tio n , p ro g ra m s  
w e re  w r i t te n  w h ich  w e re  les s  g e n e ra l and co n sequently  m o re  
e ff ic ie n t  fo r  th is  p a r t ic u la r  application®  A lth o u g h  e ffe c ts  such  
as te m p e r a tu re ,  in i t ia l  s tra in s  and in e r t ia  fo rc e s  cou ld  a ffe c t  
the p ro p o g a tio n  o f c ra c k s  in  co m p o site  b e a m s , i t  w as fe l t  th a t the 
in c lu s io n  of th is  a d d itio n a l lo ad in g  w ould  w id e n  the scope of the  
in v e s tig a tio n , w ith o u t p ro v id in g  a c o rre s p o n d in g  in c re a s e  o f the  
u n d e rs tan d in g  o f the b e h a v io u r and i t  w as d ecided  th e re fo re  to  
l i m i t  the in v e s tig a tio n  to the a p p lic a tio n  o f e x te rn a l lo a d s*
T h re e  o f the m o s t im p o rta n t p a rts  o f a f in ite  e le m e n t  
a n a ly s is  a r e : -
1. The  cho ice  of a s u itab le  e le m e n t w h ich  m a y
be used to g ive a s u ff ic ie n t ly  p re c is e  
s im u la tio n  of the continuum *
2 0 A  s u itab le  m eth o d  fo r  the so lu tio n  of the
set o f s im u ltan eo u s  equations d e ve lo p e d , 
w h ic h  re la te  the nodal p o in t d is p la c e m e n ts  
to the e x te rn a lly  a p p lie d  lo ad s*
3* A  m e th o d ,o f d is p la y in g  the r e s u lts ,  in  a
fo rm  w h ich  can be re a d i ly  in te rp re te d *
In i t ia l ly  in  th is  w o rk , co n stan t s tra in  t r ia n g u la r  e le m e n ts
3and an ite r a t iv e  so lu tio n  fo r  the equations w as used * T h is  gave  
q u ite  re a s o n a b le  a n s w e rs , but i t  w as fe l t  th a t e le m e n ts  w h ich  
a llo w e d  som e v a r ia t io n  o f s tra in  w ould  be b e tte r  fo r  th is  p ro b le m ,  
because these could  g ive  a b e tte r  re p re s e n ta tio n  o f the s tre s s  
d is tr ib u tio n  in  a re a s  n e a r s tre s s  c o n ce n tra tio n s  such as the tip s  o f 
crac k s#  A ls o  re c ta n g u la r  e le m e n ts  m ig h t be m o re  advantageous to  
re p re s e n t the m a jo r  p a r t  o f th is  re c ta n g u la r  f ie ld ,  because i t  is  
r e la t iv e ly  easy  to g e n e ra te  an a r r a y  of re c ta n g u la r  e le m e n ts  to c o v e r  
a re c ta n g u la r  fie ld #  I t  w as decided  th a t a c o m b in a tio n  of tr ia n g u la r  
and q u a d r i la te ra l  e le m e n ts  w ould  be b e s t, and a s e r ie s  o f p ro g ra m s  
w e re  w ritte n #
C o m b in a tio n s  o f the fo llo w in g  e le m e n ts  w e re  u s e d :-
1# T h re e  noded tr ia n g le s #
2 C F o u r  noded rec tan g le s#
3# F o u r  noded q u a d r ila te ra ls #
4# S ix  noded tr ia n g le s #
5# E ig h t noded re c tan g le s#
W ils o n  has p u b lish ed  an e x p lic it  s tiffn e s s  m a t r ix  fo r
9e le m e n t 1 and has a ls o  p u b lish ed  a c o m p re h e n s iv e  p ro g ra m  using
4 . 5 ...
a c o m b in a tio n  o f e le m e n t types 1 and 3# Z ie n k ie w ic z  and A r g y r is
have g iven  g e n e ra l p ro c e d u re s , using  n u m e r ic a l in te g ra t io n
te c h n iq u e s , to d e te rm in e  the s tiffn e s s  m a t r ix  fo r  m o re  c o m p lex
e le m e n ts , but as fa r  as th is  au th o r is  a w a re , the e x p lic it  d e r iv a t io n
o f the s tiffn e s s  m a tr ic e s  fo r  e le m e n ts  4 and 5 have not been pub lished#
The m ethod  used to deve lop  the s tiffn ess  m a t r ix  fo r  e le m e n ts
1 to 5 , to g e th e r w ith  d e ta ile d  d e r iv a tio n s  fo r  e le m e n ts  4 and 5 a re
g iven  in  A p p en d ix  1#
O f the v a r io u s  m ethods used to solve the set o f s im u ltan eo u s  
e q u a tio n s . G au ss ian  e lim in a t io n  w as found to be s a t is fa c to ry  
p ro v id in g  th a t the nodal po in ts  on the m o d e l w e re  n u m b e re d  c a re fu lly  
in  o rd e r  to o b ta in  a n a rro w  banded s tru c tu ra l s tiffn e s s  m a tr ix ,.
F o r  an  u n c ra c k e d  b e a m , a c o m b in a tio n  of e le m e n ts  4 and 5 
gave a v e ry  good solution© D e ta ils  o f the p ro g ra m  w h ich  m akes  use 
o f these two e le m e n t types a re  p re s e n te d  in  A p p en d ix  2*
H o w e v e r , in  la t e r  w o rk  w ith  c ra c k e d  beam s i t  w as found th a t 
i f  these  two e le m e n ts  w e re  used the bandw idth  of the s tiffn e s s  m a t r ix  
in c re a s e d  considerab ly©  S ince the co m puting  t im e  is  la r g e ly  
dependant on th is  b an d w id th , i t  w as decided  to  use a c o m b in a tio n  o f 
e le m e n ts  1 and 3© The re s u lts  o b ta in ed  us ing  these e le m e n ts  a re  
c o m p a re d , w ith  the e x p e r im e n ta l va lues in  f ig u re  2 * 4  (a ) ,  (b ) ,  (c ) 
and (d)»
A ls o  in  Fig© 2* 4 ( b ) , the c a lc u la te d  va lu es  fo r. the  tra n s v e rs e
sh ea r s tre s s  a re  shown fo r  c o m p a ris o n  purposes© T h ese  v a lu e s
have been c a lc u la te d  using the s tan d ard  fo r m u la : -
tra n s v e rs e  sh ear s tre s s  = Q A y
b z 1
w h e re  Q = shear fo rc e  on sec tio n
A  y  = f i r s t  m o m e n t o f the a re a  re m o v e d  by
the s ec tio n  Z Z ,  about the n e u tra l axis©  
bz = w id th  of the s ec tio n  cut by Z Z *
I  = second m o m e n t o f a re a  o f the e q u iv a le n t
sectio n  shown in  F ig *  2 *5  
In  Fig© 2® 5 the e q u iv a le n t s ec tio n  to g e th e r w ith  the re le v a n t  
c a lc u la tio n s  a re  shown®
I t  can  be seen th a t in  the  c e n tra l re g io n  o f the s h ear span  
th e re  is  c lo se  a g re e m e n t b e tw een  these  c a lc u la te d  v a lu e s , and those  
g iv e n  by each  o f the two m ethods described©  T h is  th e o ry  depends  
upon the s im p le  th e o ry  o f bending and its  a s s u m p tio n s , being v a lid  
e®g© p lan e  sections re m a in  p la n e , so th a t i t  w ou ld  no t be exp ected  
to  g ive  v a lid  re s u lts  in  a re a s  n e a r  the lo ad  points©
I t  can be seen th a t the two m ethods g ive  v e r y  s im i la r  resu lts©  
The CT^ y s tre s s e s  a r e ,  as e x p e c te d , g e n e ra lly  s m a ll
and o n ly  a few  sets o f v a lu e s  o f these  have been p lo tte d .
J The  v a lu e s  of C^y and c /x  s tre s s e s , as d e te rm in e d  by  
the tw o m e th o d s , a long lin e s  n e a r  to the lo ad  a t the end A  B o f the  
b e a m , do d if fe r  s ig n if ic a n tly . W h ils t  e ls e w h e re  the v a lu e s  a re  in  
c lo se  agreem ent©
Th e  reaso n s  fo r  th is  a r e  th a t a t the edge o f the a r e a  in  w h ich  
the is o c lin ic  and is o c h ro m a tic  p a ra m e te rs  a re  d e te rm in e d ,  
d if f ic u lt ie s  a r is e  in  d e te rm in in g  the ra te  o f change of th e s e ,  
p a r t ic u la r ly  i f  these  ra te s  o f change a re  v a ry in g  s ig n if ic a n t ly . F o r  
e x a m p le  i f  A ,  B ,  and C etc© a re  o b s erv e d  va lu es  o f 0 , and A  is  the  
v a lu e  a t the edge o f the f ie ld  being exam ined© The fo r m  o f the g rap h  
o f 0 OJ X  cou ld  be e ith e r  o f the tw o 0
dotted  lin e s  show n, depending on the  
v a lu e s  of 0 to the le f t  o f A© The fa c t  
th a t th e re  is  b e tte r  a g re e m e n t betw een  _
va lu es  of is o c lin ic  p a ra m e te rs  and s h ea r s tre s s e s  d e te rm in e d  by
the two m e th o d s , than  betw een  the re s p e c tiv e  and ^  v a lu e s
x  y
supports  th is  a rg u m e n t because the va lu es  o f cr' and cr'
x  y
d e te rm in e d  by the p h o to e la s tic  m eth o d  depend upon v a lu e s  o f
and & 0 /  w h ils t  the sh ear s tre s s  depends o n ly  on the
o Xi V .  >
v a lu e s  of N  and © e
I f  i t  w as im p o rta n t to know the s tre s s e s  in  th is  re g io n  i t
w ou ld  be n e c e s s a ry  to use a m u ch  f in e r  g r id  fo r  the o b s e rv a tio n s
in  th is  re g io n  and i f  p o s s ib le , as i t  is  in  th is  c a s e , to extend the g r id
beyond the a re a  to be analysed,,
A ls o  the s tre s s e s  p r in te d  out fo r  each  e le m e n t in  the p ro g ra m
fo r  the f in ite  e le m e n ts  p ro c e d u re , a re  the a v e ra g e  s tre s s e s  fo r  the
fo u r  t r ia n g u la r  a re a s  m a k in g  up the sq u are  e le m e n t*  The a v e ra g e
being  ta k e n  as (su m  of the fo u r s tre s s e s ) 4® T h is  p ro c e d u re  is
s a t is fa c to ry  i f  the s tre s s e s  can be assu m ed  to v a r y  l in e a r ly  o v e r the
a re a  o f the squa-re e le m e n t, but not i f  the e le m e n t c o v e rs  too ia rg e
a f ie ld ,  in  an  a re a  w h e re  the ra te s  o f change of s tre s s  a re  v a ry in g
considerab ly®  In  such c a s e s , i f  i t  is  im p o rta n t to know these
s tre s s e s , i t  w ou ld  be n e c e s s a ry  to use s m a lle r  e le m e n ts  and m o re
re fin e d  a v e ra g in g  o r sm ooth ing  te c h n iq u e s , on e ith e r  the s tre s s e s ,
o r  the nodal d is p la c e m e n ts  f ro m  w h ich  th e y  a re  deduced® S ta n d ard
7
m u lt ip le  re g re s s io n  p ro c e d u re s  m a y  be used to f i t  s u itab le
p o ly n o m ia l s u rfa ce s  to the d is p la c e m e n ts  o r stresses®
15
R e c e n tly  H o llo w a y  has used the techn iques  w ith  
d is p la c e m e n ts , to im p ro v e  the re s u lts  o b ta ined  in  an a n a ly s is  o f 
f ib r e  re in fo rc e d  com posites®
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F  I  G 2.  6.
DETAILED INVESTIGATION OF THE ELASTIC STRESSES AND STRAINS IN
SEVERAL DEEP COMPOSITE BEAMS
For various composite beams subjected to bending and 
shear, the elastic stress and strain distributions were 
investigated in beams without cracks, and in beams with cracks 
caused by applied loads.
The following beams were investigated:-
1. Shear Span 1*5» Modular Ratio 6, Reinforcement 0.03.
2. Shear Span 1.5» Modular Ratio 6, Reinforcement 0.02.
3* Shear Span 1.5» Modular Ratio 9» Reinforcement .02.
k. Shear Span 2.5i Modular Ratio 6, Reinforcement 0.02.
5* Shear Span 2.3» Modular Ratio 9* Reinforcement .02.
For each beam, unit thickness, and G.C5 cover for the
reinforcement was used and plane stress conditions were imposed.
6 2For the reinforcement, a Modulus of Elasticity of 30 x 10 lbf/in ; 
and Poissons Ratio of 0.3 was used, and for the matrix a value of 
0.2 was used for Poissons Ratio. These chosen values, being com­
parable to those existing in some modern reinforced concrete beams, 
and hence the stress distributions in these types of beam'are 
evaluated.
It was assumed that the matrix would crack when the maximum
-k
principal strain reached a value of 10 , and that this crack
would propogate in a principal strain direction. The value of
-k
strain at fracture of 10 was used because it has been 
established (ref. 11, 12) that a crack will propogate in concrete 
subjected to a biaxial stress system when the maximum tensile 
strain approximates to this. It is of course understood that the 
exact value of strain at fracture, and the elastic properties, 
v/ill vary with the particular mix of concrete used, and this 
limitation should be bourne in mind when interpreting this analysis.
DETAILED PROCEDURE USED FOR EACH BEAM
The general configeration of the beams and loading system
which has been considered is shown in Fig. 3*1*
B
Line AB fixed in 
the x direction. 
Point A fixed in 
the y direction
0.6
& w"
Shear Span
F
P.2
W = Load/in. thickness of beam
Fig. 3.1
The finite element program developed to evaluate the stresses 
and strains, is capable of accepting a mixture of triangular and 
quadrilateral elements. Each quadrilateral element consists of 
four triangular elements, and the stiffness matrix: for this
composite element obtained by eliminating the terms for the internal 
node from the stiffness matrix. The general procedure for this 
type of operation is given a ref. (A).
In the first instance, an arbitrary value of W was chosen and 
the area of the beam divided into a regular array of rectangular 
elements. The computer program was written in such a way that all 
the geometric details for the element array and nodal points were 
generated by the program, and these details printed out. The output 
from the program also Included the displacement of each nodal point, 
and for each element the following information was generated and 
printed out:- Element Number, Co-ordinates-of the centroid of the 
element, longitudinal stress, transverse stress, transverse shear 
stress. Maximum and minimum principal stresses* isoclinic parameter
maximum direct strain. This information for each element was also
punched out on cards in case it was needed for use with further
computer programs.
The general state of stress and strain was then examined
and in the area of maximum strain between B and C in Fig. 3*1 a.
crack was initiated, from the tension edge BC, in a direction
perpendicular to the peak strain direction. The load W was modified,
if necessary, to give peak strain values of the order of 1C , a
new element pattern prepared and the program run again.
The output from this run was examined and if the
maximum strain in the elements at the head of the crack exceeded 
-1+
10 , it was propogated in the direction perpendicular to the
maximum principal strain at the head of the crack. It was also 
found that along the tension edge between the start of the crack 
and point D (fig. 3*1) the principal strain increased until a peak 
value was reached and then it decreased again. At this peak strain 
position, if the strain exceeded 10 , a further crack was initiated.
This procedure was repeated many times giving more and more complex 
crack patterns.
XjJjld'ii'ji'iT l'ATf.cm.
Once cracks- had been initiated, it was no longer possible 
to use a machine generated regular array of elements and nodal points 
and it was necessary to draw out a suitable pattern of elements and 
nodal points in the cracked zone in Fig. 3*2. i
7 7 7 T T
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Cracked Zone
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The computer program was written in such a way, that 
whilst details of some of the elements and nodal points in the 
cracked zone had to be entered, a regular array of rectangular 
elements was generated in the areas before and after this 
cracked zone, thus saving a considerable amount of manual labour.
It was found that as the pattern of elements became more complex, 
errors in this input data became more difficult to eliminate. 
Various checks were made in the program but it was found that the 
only really satisfactory method of checking this data was to 
include a procedure to use an incremental plotter to draw out the 
element i^attern in the cracked zone, from the data set entered 
into the program; and then to check that this pattern drawn out 
by the plotter, corresponded to the one drawn out by hand. In 
this way the author feels confident that all errors in the 
geometric details of the element patterns were eliminated. A 
sample of the output from the incremental plotter is given in 
Kg. 3.5.
INTERPRETATION CF OUTPUT
Whilst the printed output from the computer is complete 
in itself, it is not easy to visualise the significance of the 
columns of figures, and some form of visual representation of the 
results is desirable. A number of methods were used, some of which 
were original, whilst others have been suggested by other authors, 
such as:-
1. For each element, draw an arrow in the direction
of the principal stress, of length proportional 
to the stress and printing the values of the 
various stresses next to the arrow (ref. k). This 
was found to be unsuitable for large arrays of small 
elements.
Using the line printer to print a letter in a position 
near to the centroid of each element, the value of letter 
indicating that the quantity being represented (e.g. 
principal strain) is within a chosen range (ref. 10).
This gave a reasonable visual representation but suffered 
from the fact that the exact centroid position could not 
be used, and only a qualitative picture was produced.
Using an incremental plotter, an isometric view of the 
beam was drawn and points plotted at suitable heights 
above the surface of the beam, to represent to scale, the 
value of the quantity (say the strain) at that point in the 
beam. This was not satisfactory.
Using an incremental plotter, the element pattern was 
drav/n out, and at the centre of each element the value of 
the maximum strain and the value of the isoclinic parameter 
was written out. The lettering being inclined at the same 
angle as the isoclinic parameter. The element pattern was 
again drawn out and the value of the transverse shear stress 
written in each element. This process was repeated for 
the cJy and d x stresses. 'This was found to be the best 
method of visual representation of the overall state of 
stress, and an example is given in Fig. y.3.
It v/as necessary to evaluate the stresses along particular 
sections of the model, and since these sections did not 
ai.vaj e Id c-u a lino connection centroids of elements 
(at which points the stress are printed out), it v/as 
necessary to determine the values of stresses along the 
chosen section, by some form of interpolation. The
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procedure can be illistrated by reference to Fig.
B
In order to find the distribution of stress and strain 
along the line CD Fig. it was assumed that a linear variation
occurred in the x direction and a third order variation occurred 
in the y direction. A computer program was written, to generate, 
using multiple liner regression, the coefficients of a polynomial 
surface of best fit to the values of stress in the elements adjacent 
to the line CD, and using these coefficients for this polynomial 
surface, the values were calculated along the line CD, In order to 
reduce errors due to rounding, the data was always centred and the 
correlation matrix used (see ref. 7)* First, second, and third 
order variations in the x direction, together with first, second, 
third and fourth order variations in the y direction were tested, 
but first order variation in the x direction together with third
order variation in the y direction were found to be satisfactory.
2 2 ^  e.g. Z = aQ + a-jX + a^y + a^xy + a^y + a^xy + a^y
The calculated values were then used to plot the graph EF, 
using an incremental plotter. Although the general principles of 
the method is well established, the details of the procedure and 
computer program for this particular application are included in 
Appendix 5 for the convenience of other users.
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This procedure was found to give the best visual 
representation of the state of stress and strain in particular 
sections of the beams at their various stages of loading, and 
has been used to draw the curves shown in figures 3*7 - 3*130*
For these diagrams, although the loads at the various stages were 
in fact different, for comparative purposes the stresses and 
strains in each beam have been normalised with respect to a given 
nominal load. Thus allowing a direct comparison to be made 
between the results obtained at various stages throughout the 
loading cycle.
NOTE:-
The load VI lbf/in shown on the diagrams on pages 51 
177 is the nominal load. Eor the beams of 1*5 shear 
span, the stresses and strains have been normalised 
for a nominal load W of 250 lbf per inch thickness of 
beam, and for the beams of 2.5 shear span the stresses 
and strains have been normalised for a nominal load -W 
of 150 lbf per inch thickness of beam.
4R e s u lts  fo r  B e a m  n u m b e r 1, o f Shear Span 1 .5 *
M o d u la r  R a tio  6 , and R e in fo rc e m e n t 0 .0 3
In  th is  b e a m , an ex ten s ive  c ra c k  p a tte rn  w as d e ve lo p e d ,
and the s tates o f s tre s s e s  and s tra in s  a t e ig h t of the fo u rte e n
d if fe re n t  stages of c ra c k  d eve lo p m en t a re  p re s e n te d . T hese  e ig h t
stages being la b e lle d  1 , 3 , 5 , 7 , 9 , 1 1 , 1 3  and 14 . The p ro g re s s  of
the c ra c k s  a t v a r io u s  stages is  shown in  F ig .  3 .7  and the s ta tes
o f s tre s s  and s tra in  in  F ig s . 3 . 8 to 3 . 39© The s tre s s e s  in  the
re in fo rc e m e n t a re  p lo tte d  a t a d if fe re n t  sca le  to  those fo r  the
m a trix©  T h is  is because i t  is fe l t  th a t these s tre s s e s  in  the
re in fo rc e m e n t a re  not d e te rm in e d  to the sam e abso lu te  p re c is io n
as those in  the m a t r ix ,  because of the e ffe c t of the m o d u la r  r a t io .
The h igh  m odulus e le m e n ts  w i l l  have a g re a te r  e ffe c t on the
s tru c tu ra l s tiffn e s s  m a t r ix  than  the lo w e r  m odulus e le m e n ts , but
once the re s u lt in g  set o f equations have been fo rm e d  and so lved
fo r  the nodal p o in t d is p la c e m e n ts , the s tre s s e s  a re  th en  e v a lu a te d
by m u lt ip ly in g  these d is p la c em e n ts  by fa c to r  s , w h ich  a re
p ro p o rtio n e d  to the e la s tic  m oduli© H ence the m ag n itu d es  o f the
round ing  e r r o r s  a re  in  p ro p o rtio n  to the e la s tic  m o d u li. H o w e v e r
i t  is  not p o ss ib le  to eva lu a te  these round ing  e r r o r s  e x p l ic it ly ,  i . e .
i t  is  not p o s s ib le  to  say e x a c tly  how m an y  of the s ig n if ic a n t f ig u re s
fo r  the d is p la c e m e n ts , and hence the s tre s s e s  and s tra in s  a re  p r e c is e .
C o n s id e rin g  a l l  these fa c ts , i t  w as fe lt  th a t a sca le  o f about th re e
tim e s  th a t fo r  the m a tr ix  s tre s s e s  w ould  be re a s o n a b le . In  fa c t
2
sca les  o f 1 in  = 2000 lb f / in  fo r  the re in fo rc e m e n t s tre s s e s , and 1 in
2 - 
750 lb f / in  fo r  the m a tr ix  s tre s s e s  have been used to re p re s e n t  the
s tre s s e s  in  a l l  the beam s in v e s tig a te d , in c lu d in g  those o f m o d u la r  
ra t io  9©
4 1
In  stage 1 , w ith  no cracks in it ia te d , it  can be seen th a t the  
lo n g itu d in a l s tre s s e s  in  the m a tr ix  v a ry  f a i r ly  l in e a r ly ,  in  a g re e m e n t  
w ith  c la s s ic a l th e o r ie s , in  both the lo n g itu d in a l and tra n s v e rs e  
d ire c tio n s ^  although as the lin e s  o f lo ad  a p p lic a tio n  a re  approached  
these s tre s s e s  a re  d e c re a s e d  in  m ag n itu d e  on the te n s io n  edge and  
in c re a s e d  in  m agn itude  on the c o m p re s s io n  edge® The depth of the  
p o s itio n  of z e ro  lo n g itu d in a l s tre s s  being constan t in  the c e n tra l  
re g io n  of the sh ear spam
The tra n s v e rs e  sh ear s tre s s e s  in  the m a t r ix  v a r y  in  a  
p a ra b o lic  m a n n e r , ag a in  in  acco rd an ce  w ith  c la s s ic a l th e o r ie s ,  and  
re a c h  th e ir  m a x im u m  va lu es  in  the re g io n  o f z e ro  lo n g itu d in a l stress®  
Thus c o n firm in g  once ag a in  the v a lid ity  o f the m e th o d , as e xp la in ed  
in  C h a p te r 2.®
The m a n n e r o f v a r ia t io n  of m a x im u m  p r in c ip a l s tra in  is  not 
co n stan t a long the len g th  of the beam® T o w a rd s  the o u te r o r  f re e  end 
o f the beam  i t  in c re a s e s  as the d is tan ce  fro m  the c o m p re s s iv e  edge 
in  the tra n s v e rs e  d ire c t io n  in c re a s e s , re a c h e s  a m a x im u m  v a lu e  in  
the  re g io n  of z e ro  lo n g itu d in a l s t re s s , and th en  red u ces  a l i t t le  to w a rd s  
the c o m p re s s iv e  edge© T o w ard s  the c e n tre  o f the s h ea r span i t  tends  
to  v a ry  l in e a r ly ,  but as the in n e r  p o r t io n  o f the sh ear span is  a p p ro a c h e d , 
the  c u rv a tu re  o f the graphs d ra w n  is  re v e rs e d  and the m ag n itu d e  o f the  
s tra in  in c re a s e s  ra p id ly  in  the re g io n  of the r e in fo rc e m e n t ,  a ls o  its  
d ire c t io n  ( is o c lin ic  p a ra m e te r )  ap proaches  the lo n g itu d in a l d ir e c t io n ,  
in d ic a tin g  th a t in i t ia l ly  c ra c k s  w i l l  be p ro p o g ated  in  a tra n s v e rs e  
d irection®
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In  stage 3 , the f le x u ra l c ra c k s , in it ia te d  in  the z e ro  s h ear
fo rc e  p a r t  of the b e a m , have had l i t t le  o r not e ffe c t on the s tre s s  and  
s tra in  d is tr ib u tio n  in the sh ear span®
tw o w ith in  the sh ear span, l i t t le  change has o c c u rre d  in  the s tre s s  
d is tr ib u tio n  in  the m a t r ix ,  a lthough the g re a te s t va lu e  o f the m a x im u m  
p r in c ip a l s tra in  has in c re a s e d  slightly®  H o w e v e r , on e xa m in in g  the  
c u rve s  fo r  the s tre s s e s  in  the re in fo rc e m e n t , i t  is  obvious th a t 
d is c o n tin u tiie s  e x is t a t the c ra c k  p o s itio n s , and fu r th e r ,  the p eak  
v a lu es  of these s tre s s e s  in  the re in fo rc e m e n t , could  not be 
a s c e rta in e d  p r e c is e ly  f ro m  the va lu es  o f s tre s s e s  d e te rm in e d  in  the  
f in ite  e le m e n t p rogram ©  In  o rd e r  to d e te rm in e  these p e a k  v a lu e s , the  
fo llo w in g  sets o f c a lc u la tio n s  w e re  m a d e , fo r  each p eak  v a lu e  w ith in  the  
sh ear span , a t each stage o f loading®
The re s u lta n t sh ea r fo rc e  S , the re s u lta n t lo n g itu d in a l fo rc e  *R
and the p o s itio n  y of its  lin e  o f a c tio n  w e re  c a lc u la te d  by 
e va lu a tin g  n u m e r ic a lly  the fo llo w in g  e x p re s s io n s .
S im ila r ly  in  stage 5 , w h e re  fiv e  c ra c k s  have been in it ia te d
C o n s id e rin g  the p o r tio n  of a c ra c k e d  beam  shown in  F ig ,  3 , 6
1 = A
3 = ^
4 3
44
The m idSordinate ru le  w as used fo r  these c a lc u la tio n s  using e le v en  
v a lu e s  of y betw een  A  and B©
F o r  e q u ilib r iu m  the lo n g itu d in a l fo rc e  in  the re in fo rc e m e n t m u s t be 
equal and opposite  to R  and the tra n s v e rs e  fo rc e  P  in  the re in fo rc e m e n t  
m u s t be equal to W  -  Se Once P  and R  a re  kn o w n , the lo n g itu d in a l 
and tra n s v e rs e  sh ear s tre s s e s  in  the re in fo rc e m e n t can be 
c a lc u la te d  i f  i t  is  assum ed  th a t th ey  do not v a r y  in  the tra n s v e rs e  
direction©
To c o n firm  these c a lc u la t io n s , W x  w as c o m p a re d  w ith  
R 0 y + P x , , and re a s o n a b le  c o m p aris o n s  w e re  o b ta in ed  
S am ple  C a lc u la tio n s  (Stage 5)
x^ = ©73M; x c = ©75"; x & = 2©1"; W = 250  lb f
C om puted  va lu es
S. =- '2 0 0 .6  lb f  ; R  = 3 4 9 .9  lb f;  y  = 0 . 0 4  in  
hence x ,  = 0©02M; x ^  = 1 .3 7 M; y, = 0©975M; P  = 4 9 .4  lb f
W x ^ =  342 lb f  in
R  » y, + ^ x j = 341 + © 99 
— 342 lb f  in .
In  th is  p a r t ic u la r  c a lc iiL a tio n , v e r y  p re c is e  c o n firm a t io n  w as  
obtained© In  g e n e ra l,  a g re e m e n t w as w ith in  about 3%. T h is  is  
thought to be a c c e p ta b le , because by the v e ry  n a tu re  o f the  
c a lc u la t io n s , e r r o r s  o f the o rd e r  o f two o r  th re e  pounds in  the  
v a lu e s  of R  and S can be e xp e c te d , c o rres p o n d in g  to e r r o r s  in  S tre ss e s  
o f about 100 lb f / in ^
I f  a m o re  p re c is e  e v a lu a tio n  of these p eak  va lu es  of 
s tre s s e s  in  the re in fo rc e m e n t is  re q u ire d , th is  can be done 
by using m u ch  f in e r  e le m e n t p a tte rn s  in  these lo c a l re g io n s .
T h is  w ould  be a re as o n a b le  ex ten s io n  o f the c u r re n t  in v e s tig a tio n ,  
because due to these la rg e  va lu es  o f sh ear s tre s s e s , w h ich  
e v id e n tly  e x is t h e r e ,  bond fa i lu r e  m a y  o ccu r w h ich  w o u ld  in  
tu rn  a lte r  the s tre s s  d is tr ib u t io n .
In  a l l  the graphs of s tre s s e s  in  the re in fo rc e m e n t ,  these  
c a lc u la te d  p eak  va lu es  a re  p lo tte d  in  a d is tin c tiv e  m a n n e r , 
v iz  ©  fo r  lo n g itu d in a l s tre s s e s  a n d B fo r  sh ear s tre s s e s  , 
and a s p re v io u s ly  s ta te d , th e ir  abso lu te  va lu es  a re  no t as 
p re c is e ly  d e te rm in e d  as the o th e r v a lu e s .
In  stage 7 the tra n s v e rs e  sh ea r s tre s s e s  s t i l l  show a  
p a ra b o lic  type o f v a r ia t io n  but a t the f i f th  c ra c k  the p e a k  v a lu e  
has in c re a s e d , and i t  o ccu rs  n e a re r  to the c o m p re s s iv e  ed g e .
The  m a x im u m  p r in c ip a l s tre s s e s  in  the m a t r ix  a re  g re a te s t  
a t the head o f the c ra c k s . The lo n g itu d in a l s tre s s e s  have  
a tta in e d  h ig h e r va lu es  in  c o m p re s s io n , but the te n s ile  v a lu e s  
a t the head o f the c ra c k s , a re  le s s  than  the va lu es  p re v io u s ly  
o b ta ined  a d jac e n t to the re in fo rc e m e n t , and the lin e  o f z e ro  
lo n g itu d in a l s tre s s  is  n e a re r  to the c o m p re s s io n  ed g e . The  
m a x im u m  p r in c ip a l s tra in  is  fo r  e xa m p le  50% h ig h e r a t 
x  = 3 . 1" and in  g e n e ra l, c o m p are d  to the p re v io u s  s ta g e s , 
these va lu es  o f m a x im u m  s tra in  a re  h ig h e r in  the o u te r p o r t io n  
o f the sh ear span . The p eak  v a lu e s  of s tre s s e s  in  the  
re in fo rc e m e n t a t the c ra c k  p o s itio n s  a re  c o n s id e ra b ly  in c re a s e d ,  
in d ic a tin g  th a t as the c ra c k s  p ro g re s s , the re in fo rc e m e n t c a r r ie s  
m o re  of the lo a d .
4  t>
In  stage 9 (2 M ) the lo n g itu d in a l s tre s s e s  a re  s t i l l  v a ry in g  
f a i r ly  l in e a r ly ,  but the lin e  o f z e ro  s tre s s  is  now qu ite  n e a r to the  
head of the c ra c k s , and c o m p are d  to stage 7 i t  has m oved  back a 
l i t t le  to w ard s  the te n s ile  edge. The is o c lin ic  p a ra m e te r  a t the  
head of the c ra c k s  is  now m uch h ig h e r so th at the c ra c k s  w i l l  
p ro g re s s  m o re  to w ard s  the lo ad  on the c o m p re s s iv e  edge than  
p re v io u s ly ,, The peak  s tre s s e s  in  the re in fo rc e m e n t have in c re a s e d  
s t i l l  fu r th e r  and the g e n e ra l le v e l o f these s tre s s e s  a t the o u te r end 
o f the sh ear span has increased®  In  the m a t r ix ,  the tra n s v e rs e  
s h ea r s tre s s e s  and m a x im u m  p r in c ip a l s tre s s e s  a re  s t i l l  v a ry in g  
in  a s im ila r  m a n n e r to the p re v io u s  stages; the p eak  v a lu e s  o f 
t ra n s v e rs e  sh ear s tre s s  being l i t t le  changed , but the p e a k  va lu es  
o f m a x im u m  p r in c ip a l s tre ss  a re  le s s  than  the v a lu e s  in  p re v io u s  
stages® The m a x im u m  p r in c ip a l s tra in  is  now a tta in in g  m o re  
u n ifo rm  peak  va lu es  th rough out the sh ear span , fo r  e x a m p le  the  
s tra in s  a t the head o f c ra c k s  6 , 7 , and 8 a re  le s s  th an  th e y  w e re  
in  stage 7„
A t  th is  stage i t  w as p o s tu la te d  th a t in  a c o m p o s ite  m a te r ia l  
such as c o n cre te  w h ich  had been su b jec ted  to a la rg e  te n s ile  s t r a in ,  
such as th a t w h ich  p re v a ils  in  the v ic in ity  o f the te n s ile  re in fo rc e m e n t;  
s e v e re  m ic ro  c ra c k in g  could o ccu r re s u lt in g  in  a m a te r ia l  w h ic h  w o u ld  
e ffe c t iv e ly  behave on a m a c ro p s c o p ic  le v e l as a lo w  m odu lus  m a t e r ia l .
In  o rd e r  to e xam in e  the e ffe c t o f th is  a c tio n  on the d is tr ib u t io n  o f 
s tre s s e s  and s tra in s , the p ro g ra m  fo r  stage 9 (2 M ) w as r e r u n
us in g  the sam e e le m e n t and c ra c k  p a t te rn , but us ing  a m o d u lu s  o f
2 2 e la s t ic ity  o f 1 ,0 0 0 ,0 0 0  lb f / in  in s tea d  o f 4 ,8 1 0 ,0 0 0  lb f / i n  in  a l l
the e le m e n ts  w ith in  a band o f .0 5  in  above and below  the r e in fo r c e m e n t .
The re s u lt in g  d is tr ib u tio n s  a re  p re s e n te d  as stage 9 (3 M ) .  In  th is  
stage the  m a x im u m  p r in c ip a l s t ra in  a t the head of the two o u te r  
c ra c k s  is  s lig h tly  in c re a s e d , but is  red u ced  fo r  the re m a in d e r  o f 
the  c ra c k s , w h ils t  a t the c o m p re s s io n  edge its  va lu es  to g e th e r  
w ith  those of the lo n g itu d in a l s tre s s  re m a in  about the s a m e . In  
the m a t r ix  the lo n g itu d in a l s tre s s e s , tra n s v e rs e  sh ear s tre s s e s ,  
and m a x im u m  p r in c ip a l s tre s s e s  a re  in  fa c t changed v e r y  l i t t l e .
H o w e v e r th e re  is  a m a rk e d  e ffe c t on the s tre s s e s  in  the  
r e in fo rc e m e n t . The v a r ia t io n  in  lo n g itu d in a l s tre s s  is  m u ch  le s s  
e r r a t ic ,  and w h ils t  the peak  va lu es  a re  s im ila r  (3 h ig h e r ,  2 lo w e r  
and 2 a p p ro x im a te ly  equal) the g e n e ra l le v e l o f lo n g itu d in a l s tre s s  
is  in c re a s e d  by a p p ro x im a te ly  20% . The p eak  va lu es  o f tra n s v e rs e  
s h ear s tre s s  a re  red u ced  so th a t the re in fo rc e m e n t now c a r r ie s  its  
s h are  o f the lo a d  in  a m u ch  m o re  u n ifo rm  m a n n e r in d ic a tin g  th a t  
m ic ro c ra c k in g  o f c o n cre te  in  the v ic in ity  o f the re in fo rc e m e n t is
i
not a s erio u s  d is ad v a n ta g e .
H o w e v e r , s ince the p eak  va lu es  o f re in fo rc e m e n t s tre s s e s  
a r e  not g e n e ra lly  a ffe c te d  by the re f in e m e n t , nor is  the g e n e ra l 
p a tte rn  of s tre s s  and s tra in  d is tr ib u tio n  in  the m a t r ix .  I t  w as  
d ec id ed  th a t fo r  the re m a in d e r  o f th is  in v e s tig a tio n  i t  w o u ld  be 
s a t is fa c to ry  to use on ly  two m a t e r ia ls , as b e fo re .
A  p o s s ib le  ex ten s io n  o f th is  in v e s tig a tio n  w ould  be to use  
a n u m b er o f m a te r ia l  p ro p e rt ie s  i . e 0 to re d u ce  the m o du lus  o f each  
e le m e n t in  the m a t r ix  by a fa c to r  depending upon the le v e l  o f s t r a in
a tta in e d  in  the p a r t ic u la r  e le m e n ts  c o n c e rn e d . T h ese  fa c to rs  
w o u ld  have to be obta ined  fro m  a set o f e x p e rim e n ts  re la t in g  
the e ffe c tiv e  m odulus of e la s t ic ity  to the d eg ree  o f o v e rs tra in  
fo r  the p a r t ic u la r  m a te r ia l  u sed .
The fo reg o in g  fac ts  in d ic a te  th a t one o f the o b jec tio n s  
to the photo e la s tic  m ethod  m ig h t have been o v e rc o m e  by us ing  
a th ir d ,  low  m odulus m a t e r ia l ,  to p re p a re  the re in fo rc e m e n t  
sandw ich  d e s c rib e d  in  c h ap te r 2 .
In  stage 11 the n u m b e r o f c ra c k s  is  the sam e as in  
stage 9 , but th ey  have a l l  been extended w ith in  the s h ea r span .
T h e  e ffe c t has been to in c re a s e  the p eak  va lu es  o f lo n g itu d in a l s tre s s  
and tra n s v e rs e  sh ea r s tre s s  in  the re in fo rc e m e n t a t the o u te r  p a r t  
o f the sh ea r span; in c re a s e  the m a x im u m  v a lu e  o f tra n s v e rs e  s h e a r  
s tre s s  a t the head o f the f i f th  and s ix th  c ra c k s , and g e n e ra lly  
re d u ce  the v a lu e  of the m a x im u m  p r in c ip a l s tre s s  a t the head  of 
the c racks#  F r o m  the graphs o f lo n g itu d in a l s tre s s  in  the m a t r ix  
i t  can be seen th a t the c ra c k s  have a l l  p ro g re s s e d  up to  o r beyond  
the  lin e  of z e ro  lo n g itu d in a l s tre s s . A t the head o f c ra c k  ten  the  
m a x im u m  p r in c ip a l s tra in  has in c re a s e d ,a t  the head o f c ra c k  
seven  i t  has re m a in e d  the s a m e , and fo r  the o th e rs  i t  has re d u c e d .
F o r  the two stages 13 and 14 i t  can  be seen th a t the  p e a k  
v a lu e s  o f tra n s v e rs e  sh ear s tre s s  a t the o u te r end o f the  s h e a r  
span a re  in c re a s in g  c o n s id e ra b ly , and in  a re in fo rc e d  c o n c re te  
b e a m , bond fa i lu r e  and subsequent c o lla p s e  w ould  be a l ik e ly  
consequence. The lo n g itu d in a l s tre s s e s  a t the head o f the c ra c k s  
continue to red u ce  a lg e b ra ic a lly  and th e re  is  a tendency fo r  th e ir  
n u m e r ic a lly  g re a te s t values  a t the c o m p re s s io n  edge to be re d u c e d
a t the o u te r end o f the sh ear span and in c re a s e d  a t the in n e r  end 
The m a x im u m  p r in c ip a l s tra in s  a t the head of c ra c k s  6 ,8 , 9  and 
10 a re  a p p ro x im a te ly  constan t w h ils t  a t the head o f c ra c k  7 i t  
in c re a s e s ; the g re a te s t s tra in  being  a t the head o f c ra c k  10 .
T he  tra n s v e rs e  s h ear s tre s s  in  the m a t r ix  tends to be g e n e ra lly  
high  as does the m a x im u m  p r in c ip a l s tre s s .
D ia g ra m  showing the p ro g re s s  o f the c ra c k s  a t v a r io u s  stages  
fo r  the beam  of S hear Span 1 . 5 ,  M o d u la r  R a tio  6 , R e in fo rc e m e n t 0 .
L o n g i t u d i n a l  S t r e s  s
S c a le  1 i n .  = 750 l b f / i n ^
M a x im u m  P r in c ip a l  S tra in
Scale  1 in . = 10"^
S h ear Span 1 . 5 ,  M o d u la r R a tio  6. R e in fo rc e m e n t 0 . 0 3 .  W .  250 l b f / in
S T A G E  1 F ip ;>3 .8
T r a n s v e r s e S h e a r  S t r e s s  '
S c a le  1 i n .  -  750 l b f / i n ^
M a x im u m  P r in c ip a l  S t ress
S cale  1 in . = ‘750 lb f / in
S h ear Span 1 , 5 .  M o d u la r  R a tio  6 . R e in fo rc e m e n t 0 . 03 .  W . 2 5 0  lb f / in
S T A G E  1 F i f f .  3» 9
L o n g i t u d i n a l  S t r e s s
S c a le  1 i n .  = 750 l b f / i n 2
[s o c lin ic  P a r a m e te r
•ale  1 in . = 100° '
S h ear Span 1 . 5 .  M o d u la r R a tio  6. R c in fo rc o m tm t 0 . 0 3 .  W . 250 lb f / in
S T A G E  3
FiK.3.10
5 4
T r a n s v e r s e  S hear St res
2750 lb f / inS cale  1 in
M a x im u m  P r in c ip a l St res
Scale 1 in . = 750 lb f / in
S hear Span 1 . 5 .  M o d u la r R a tio  6. R e in fo rc e m e n t 0 . 0 3 .  W . 2 5 0  lb f / in
S T A G ^ l  | Fig, 3.11
\M a x im u m  P r in c ip a l S tra in
S cale  1 in
6000 T r a n s v e r se S hear St ress  
L o n g itu d in a l S t r ess  
C ra c k  P o s itio n s
4000
2000
St resses  in  R e in fo rc e m e n t Scale 1 in  = 2000 n 2
S hear Span 1 . 5 .  M o d u la r  R a tio  6 . R e in fo rc e m e n t 0 . 0 3  W . 2 5 0  lb f / in
S T A G E  3 Fig. 5.12
L o n g i t u d i n a l  S t r e s s
S e a le  1 i n .  = 750 l b f / i n ^
M a x im u m  P r in c ip a l  S t ra in
Scale 1 in .  = 1 0
S hear Span 1 .5 ,  M o d u la r  R atio  6. R e in fo r c e m ent 0 .0 3 .  W . 250 lb f  / i n
S T A G E  5
T r a n s v e r s e  S h e a r  S t r e s s
S c a l e  1 i n .  = 750  l b f / i n ^
M a x i m um P r in c ip a l S t r e s s
Scale 1 in .  - 750 l b f / i n 1
S h ear  Span 1 .5 .  M o d u la r  R a tio  6, R e in fo rc e m e n t  0 .0 3 .  W . 250 l b f / i n
S T A G E  5 F i g o * ^
5 8
[s o c lin ic  P a r a m e t e r
Scale  1 in . = 1 0 0
+ L o n g itu d in a l S tress  
® T ra n s v e r s e  Shear S tress
C r a c k  P o s it io n s
8000
- -  4000
2000
1 .0  in
S tre ss e s  in  R e in fo rc e m e n t
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RESULTS FOR BEAM NUMBER2 ofSHEAR SPAN 1.5, MODULAR RATIO 6,
AND REINFORCEMENT 0.02.
The progress of the cracks in this beam at various stages 
are shown in Fig. J.kQ and the distributions of stresses and strain 
at four of the twelve stages, 1, 6, 10 arid 12 are then presented in 
Figs. 3*^1 to 3*56. The effect of reducing the amount of 
reinforcement is then examined by comparing these results with ' 
those for Beam number 1.
Compared to beam number 1 the crack patterns developed 
in this beam are very similar, but towards the outer end of the
shear span, the cracks are inclined to be more towards the
%
longitudinal direction*
In the uncracked state the general form of the stress and 
strain distributions are similar to those for beam number 1, and as 
would be expected, in general the magnitudes of the stresses in the 
matrix are higher, indicating that the matrix is being called upon 
to support a greater proportion of the load, although these 
magnitudes are Only about 10% higher for a 33$ reduction in the 
amount of reinforcement.
As the cracks progress, the general forms (but" not magnitudes) 
of the stress and strain distributions remain similar to those for ' 
beam number 1. Higher stress gradients are evident in the 
reinforcement, and as the crack patterns become more advanced, the. 
higher compressive stresses in the inner portion of the span, near 
to the load applied to the compressive edge, give rise to high 
tensile strains in a direction roughly perpendicular to the com­
pressive edge, so that splitting would occur parallel to the 
compressive edge in this region and the beam would collapse.
8 4
8 5
L o n g itu d in a l S tre ss
Scale 1 in .  = 750 l b f / i n
Is o c l in ic  P a r a m e t e r
Scale 1 in .  = 100
Shear Span 1 .5 .  M o d u la r  R a tio  6. R e in fo rc e m e n t  0 .0 2 ,  W . 250  l b f / i n
F ig . 5 .hi
S T A G E  1 ' '
8 6
T r a n s v e r s e  S h ear S tre ss
2750Scale  1 in . m
M a x im u m  P r in c ip a l  S tre s s
750 l b f / i nScale 1 in,
S hear Span 1 .5 ,  M o d u la r  R a tio  6 . R e in fo rc e m e n t  0 .0 2 .  W .2 5 0  l b f / i n
S T A G E  1 Fig.? A  2
8 7
Is o c l in ic  P a r a m e t e r
Scale 1 in .  = 100°
S h e a r  S p a n  1 . 5 .  M o d u l a r  R a t i o  6 .  R e i n f o r c e m e n t  0 . 0 3 .  W . 2 5 0  l b f / i n
S T A G E  1
8 8
M a x im u m  P r in c ip a l  S t ra in
10Scale 1 in
Transverse Shear Stre 
Longitudinal Stre 
Crack Positions
6,000
1 .0 2.0 in.
Stresses in Reinforcement Scale 1 in. = 2000 lbf/inP
Shear Span 1 .5 ,  M o d u la r  R a t io  6 . R e in fo rc e m e n t  0 . 02. W . 250 l b f / i n
S T A G E  1 FiK.3.^
8 9
L o n g itu d in a l S tress
Scale 1 in .  = 750 l b f / i n
M a x im u m  P r in c ip a l  S t r a in
S h e a r  S js a n  1 . 5 .  M o d u l a r  R a t i o  6 R e i n f o r c e m e n t  0 . 0 2  W .  2 5 0  l b f / i n
STAGE 6 Fig.3.45
0T ra n s v e r s e  Shear S tre ss
750 l b f / i nScale 1 in
M a x im u m  P r in c ip a l  S tre ss  
Scale 1 in, 750 lb f / in '
S h e a r  Spa-n *1*5. M o d u l a r  R a t i©  6 R e i n f o r c e m e n t *0. 02 W . 2 5 0  l b f / i n
S T A G E  6
9  1
Is o c l in ic  P a r a m e t e r
o100Scale 1 in .
S hear Span 1 .5 .  M o d u la r  R a tio  6 R e in fo rc e m e n t  0..02 W .2 5 0  l b f / i n
S T A G E  6 ‘
T ra insvo rse  Shear •..fcress
noaglrudi I m3 .’* Lreso
Positions
2 , 0  in
Gtresnen in f> 3 n forcemeri t Scale ] in, POOO lkf/in
S hear Span I » 5 -  M o d u la r P V t io  6. -He:tnforcensent 0 , 0 2 ,  'th '2^0 ' l b f / i n
S'i’AGP 6
Fifl.3.48
9 3
L o n g itu d in a l S tre ss
750 lb f / in 'Scale 1 in
M a x im u m  P r in c ip a l  S t r a in  
- 4
Scale  1 in .  = 1 0
Shear Span 1 .5 .  M o d u la r  R a tio  6 R e in fo rc e m e n t  Q .02  W.. 250 l b f / i n
F i g . 3*^9S T A G E  10 .- .a.... ^
9 4
T r a n s v e r s e  Shear S tress
750 l b f / i nScale  1 in .
M a x im u m  P r in c ip a l  S tre s s  
Scale 1 in .  .= 750 lb f / in *
Shear Span 1 .5 .  M o d u la r  R a t io  6 R e in fo rc e m e n t  0 .0 2  W .2 5 0  l b f / i n
S T A G E  IQ
9 5
Is o c l in ic  P a r a m e t e r
Scale 1 in .  = 10€
Shear Span 1 .5 .  M o d u la r  R a tio  6* R e in fo rc e m e n t  0. 02 , W .2 5 0  l b f / i n
S T A G E  10 F i g . 3 .51
f ,V .o
0
.bo i'i g 11 u d J- n a 1 S t  re 
Crack Po.sition;-.,
1.0 in. p.O in,
Stresssa.v: :i n k> i n fore emer* f Sc a 3 e .1 ‘in.. t ? 0 i'vi 31.il/irP
Shear Span 1 . %  M o d u la r  Pa b io  6 .  H e ir fo ro e ra e n t  0 *0 2 .  V/.PSO I b f / i r
STAGS 10
9 7
L o n g itu d in a l S tress  
Scale 1 in ,  = 750 lb f / in ^
M a x im um  P r in c ip a l  S t r a in
Scale  1 in .  = 10“ ^
Shear Span 1 ,5 ,  M o d u la r  R a t io  6 R e in fo ‘rceY n en t‘0, 02 W .2 5 0  l b f / i n
S T A G E  1 2 ( 2 M )
T r a n s v e r s e S h e a r  S t r e s s
S c a le  1 i n ,  = 750  l b f / i n ^
M a x im u m  P r in c ip a l  S tress
Scale  1 in ,  = 750 lb f / in ^
Shear. Span 1, 5 , M o d u la r  .Ratio 6 R e in fo rc e m e n t  0 * 0 2 .  W .2 5 0  l b f / i n
S T A G E  12 (2 M )  F ig .3 .5 ^
99
Is o c l in ic  P a r a m e t e r
Scale 1 in .  = 100(
Shear Span 1 .5 .  M o d u la r  R a t io  6 , R e in fo rc e m e n t  0 .0 2  W .2 5 0  l b f / i n
S T A G E  12 (2 M )
© Transverse Shear Stre  
+ lo n g itu d in a l  Stress  
•—-Crack Posit ions
000
000
6 , ooc
M 1000
Stresses in  Reinforcement :>00C lb  f / i n '
•Shear Span l.„p, Modular Ratio 6* Reinforcement 0 *02 . W.Pr>0 Ihf/in
ST.AGP it (2M)
100
Fig.5.56
101
RESULTS FOR BEAM- NUMBER 5 OF SHEAR SPAN 1,5. MODULAR RATIO 9,
AND REINFORCE ENT 0.02 
The simple crack pattern developed for this beam is shown 
in Fig. 3.57. The distributions of stresses and strains at five of 
the nine stages of development, 1, 3» 7S and 9 are presented in 
Figs. 3*58 to 3*75 and these are compared to the first beam.
In the uncracked state, stage 1, in the matrix the 
maximum principal stresses and transverse shear stresses are roughly 
the same as in beam number 1. The longitudinal stresses are a 
little higher, but the maximum principal strains are very much 
higher due to the lower modulus material used. So that if the same 
strain for fracture were required, much more severe cracking and 
possible failure would occur.
As in beam number 1,' flexural cracks in the constant 
bending moment portion (stage 3) do not affect the magnitudes or 
distributions of stresses and strains in the shear span, and as the 
cracks progress the stresses and strains at the head of the cracks 
are generally reduced. The stresses in the matrix remain similar 
to those in beam number 1, but the stresses in the reinforcement are 
much higher. Peak values of over 20,000 lbf/in in the longitudinal 
direction were recorded, even for this comparatively simple crack 
pattern (stage 9) so that failure due to yielding of the reinforcement 
might very well occur.
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RESULTS FOR BEAM NUMBER 4 OF SHEAR SPAN 2.5, MODULAR RATIO 6
AND REINFORCEMENT 0.02
The progress of the crack pattern for this beam is shown 
in Fig. 3.76. The distributions of stresses and strains at the 
four of the eleven stages, 5» 7» 9 and 11 are presented in Figs. 3.77 
to 3.99.
The cracks in this beam progress further in the lateral 
direction at similar positions in the shear span compared to beam 
number 1, but they do eventually turn towards the load on the 
compressive edge. In the matrix, in the transverse direction, the 
longitudinal stresses vary fairly linearly, the shear stresses vary 
parabolically and the curves representing the maximum principal 
strains tend to have a double curvature (cubic in nature), in a 
similar manner to the curves for the beams of 1.5 shear span, i.e. 
along a transverse section they tend at first to increase in 
magnitude as the distance from the compressive edge increases, reach 
a maximum, then decrease to a minimum, and then increase again to 
their largest values at the heads of the cracks. Also at the centre 
of the shear span the maximum principal strain at the head of a crack 
such as crack 9 in stage 11 attains a high value, higher than 
elsewhere in the span, so that failure could initiate from the centre 
of the shear span rather than at one end.
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RESULTS' FOB BEAM NUMBER 5, OF SHEAR SPAN 2.5, MODULAR RATIO 9.
AND REINFORCEMENT 0,02 
The progress of the crack patterns for this beam is 
shown in Fig, 3*100* The distribution of stresses and strain 
at the five of the eleven stages 1, 5» 7» 9 and 11 are presented 
in Figs. 3*101 to 3*130.
The stresses in the reinforcement tend to be lower, 
compared to beam k towards the outer end of the shear span, but 
are higher towards the inner end of the shear span. The effect of 
the change in modular ratio, has in fact been similar to the effect 
in the beams of 1.5 shear span. That is, the general level of 
magnitude of stress in the matrix is not changed very much, nor 
is the type of distribution, but the maximum principal strains are 
increased considerably giving a more rapid crack growth for the 
same fracture criteria.
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DISCUSSION AND SUGGESTIONS FOB FURTHER WOHK
For three beams of 1.5 shear span depth ratio but different 
modular ratio and percentage reinforcement, the initiation of three 
different types of failures have been shown.
.1. failure initiated due to large tensile strains in 
the region of the applied load on the compressive 
edge.
2. failure initiated due to bond failure in the region 
of the applied load on the tensile edge.
3. failure due to large tensile strains at the head 
of a crack in the central region of the shear span.
The form of the stress and strain distributions have been 
presented. In each case it was found that in the central region of 
the shear span in the transverse direction for the uncracked state 
the longitudinal stress varied fairly linearly, the transverse shear 
stress varied parabolically, and the transverse direct stress was 
approximately zero; giving a more or less parabolic variation of 
maximum principal strain in accordance with the simple theory.
However, in the cracked state the curves showing maximum 
tensile strain took on a cubic form, indicating that the transverse 
direct stress was significant, indeed for quite a number of elements 
it was larger than the longitudinal stress.
From the results presented for the two beams of 2.5 shear 
span, it can be seen that similar types of distribution exist for 
these beams also. It would be wrong to attempt to draw definite 
conclusions from beams of only two different shear spans, but there 
seems no reason to suppose that the same type of stress and strain 
distributions would not exist in similar beams for a wide range of 
shear spans. Further tests are needed to verify this point, and 
if these prove positive, it should be possible to specify the 
critical tensile strains per unit applied load which are set up in
1 7 9
such beams with various modular ratios and percentage 
reinforcements. Assuming that the criteria of fracture for concrete 
is the maximum principal strain, it will then be possible bo 
ac ? ...Xy predict tb-. safe load which will not initiate failure
within the shear span of a beam using a particular concrete. The 
type of failure could also be predicted.
Further detailed investigation of the stress and strain 
distributions in the regions of the applied loads is required. In 
the case of the load on the compressive edge, this further investi­
gation could be dealt with using photoelastic models which included 
the crack patterns shown in figures 3«7»^0,57»76 and 100, and as 
previously suggested a third, low modulus material could be used for 
the reinforcement sandwich prepared for the model. Because of the 
difficulties associated with assembly stresses, the region round the 
load on the tensile edge would be more easily dealt with using the 
finite element method. This could be done by using a f&irly course 
element pattern for the major part of the shear span, and a very 
much finer pattern in the region of the loads. In this way the 
regions round both loads could be dealt with at the same time. A 
further refinement would be, to use constant strain elements for 
the major part of the field, together, with varying strain elements 
in the regions round the loads. In this way the bandwidth of the 
continuum stiffness matrix could be kept to a reasonable size.
As stated in the introduction it would be a logical 
extension of this investigation, if a non linear linite element 
program was written, and used for one or two cases to verify that 
the peak values of strain determined by using linear elastic 
properties for concrete are realistic.
The problem of solving large banded systems of 
simultaneous equations, using a d i g i t a l  computer still needs 
further investigation. Solution by G auss ian  elimination i s  q u i t e  
e i ' i i c i  ; , t ,  arid reasonably easy to code for the computer providing 
that all the terms within the bandwidth including zero terms are
stored, but if all the zero terms within the bandwidth are not stored,
2h
the coding for the solution becomes quite complex. Redcliffe , a 
former student of the author, has written such a program, but in 
its present state of development all the non zero terms in the 
upper half of the continuum stiffness matrix, including those 
generated during Gaussian elimination, have to be stored in core at 
the same time. This restricts the size of problem which can be 
dealt with. Tests to compare computing times for this routine, with 
computing times for more convential routines, which only require 
some of the coefficients in core at one time (such as subroutine 
SOLVE in Appendix 2) have not been completed.
This author is of the opinion that an iterative type of 
solution could well be the most versatile, since the coding for such 
a routine is fairly straight forward, only non zero terms need be 
stored, and the number of terms held in core at one time could 
easily be varied to suit the core store available.
The number of non zero terms per equation is equal to the 
number of connected nodes times the number of degrees of freedom 
per node; it does not depend upon the numbering of the nodal points. 
Hence if the suggested iterative type of solution is used, no 
restriction need be placed on the manner in which the nodal points 
are numbered, since a large difference in element nodal point 
numbers would not influence the size of the problem. This fact 
would have saved a considerable amount of data preparation time' for 
this particular investigation, because in order to develop the cracks, 
it would have been possible to insert extra nodal points where
1 3  1
required, without changing the numbers of the existing nodal points, 
and very little change would have been needed for the element nodal 
point details. Using Gaussian elimination, where computing time 
depends upon the bandwidth, which is decided by the maximum
difference between nodal point numbers for the elements, it was
/  .
necessary to renumber almost all the nodal points whenever extra 
nodal points were inserted.
However a great deal of work needs to be done to evaluate 
the- efficiencies and accuracy of iterative solutions. In particular 
the times for convergence, for specific numbers of equations, and 
specific maximum differences between element nodal point numbers, 
are needed; also the effects of relaxation methods on convergence 
times needs to be evaluated.
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A P P E N D IX  1
S tiffn ess  M a tr ic e s  fo r  F in ite  E le m e n ts  used in  a C o n tin u u m  
F IG .  A lt , 1 shows a f in ite  e le m e n t w ith  n nodes© The e le m e n t is  
assu m ed  to be connected  to a d ja c e n t e le m e n ts  a t its  nodal points©  
Ig n o r in g , fo r  s im p lic ity ,  g ra v ita t io n a l and in e r t ia  e f fe c ts , fo rc e s  
a re  ap p lie d  to the e le m e n t o n ly  a t the nodes© 
o x ,o y  = re fe re n c e  axes fo r  the model©
F  , F  = fo rc e s  a p p lie d  to the e le m e n t a t node n in  the x  and y x ii  yu
d irec tio n s©
u ,v  = d is p la c e m e n ts  o f a p o in t in  the e le m e n t in  the x  and y d ire c tio n s ,
y ,yn
xn
1
2
x F IG .  A l . l
un »v n s d is p la c em e n ts  o f nodal p o in t n in  the x  and y d ire c t io n s .  
A s s u m e  p o ly n o m ia l exp re s s io n s  fo r  u and v  o f the f o r m : -  
u = a^
v  = a , , +  'a x  + a y n+1 n+2 n+3
i  k  
+ a2nX V
su b s titu tin g  v a lu e s  o f x  and y a t each node g iv e n f
f u l
U2
©
i
c >
a l
a 2
6
= A 1 o 0
Un
V 1
v 2
e
> •— i ------- < * -
O i A _
11
a n + l
a n+2
e ©
Vk nJ a 2n
>
1 8  6
W h e re  the p a r t i t io n  A  is  a square  m a t r ix  n x n of the fo rm
i y j
1 xz H
1 x  y n y n
etc,
A i—> **Vy  k  2
x  1 n y k3 n
(&}
and [ c j
a
-l
Lc] {a}
R_ I O
o ; r
w h e re  l > ]  = [ a ]
-1
a ls o &
c **> 
t x
f
ry II
* x y
A
0 1 0 - -
0 0 0 - -
0 0 1 - -
'bu
t > X
hi
by
+ * 1  
b  X
ix 1* 1 yk
11 r  12 • • • r  In
21 r 22 r 2ne tc .
n l r  • • •n2
r nn
>
- -  e tc .
0 - - -  
0 0 1
  o
k x 1yk -1 {al
{ & }  = [H ]  f a }  = [H ]  [ c ] _1 {& }
= [ b ]  w h e re  [b] = [h ] [c f
s tre s s e s  m a y  be re la te d  to s tra in s  by equations of the fo rm
-1
c>
I xy
= [°] l EJ = IDJ [BJ fci
F o r  p la n e  s tressJ jD ] = - —
1  ^ 0
} 1 0
0 0 1
2
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U sing  the p r in c ip le  o f v ir tu a l  w o rk  i t  has been shown th a t
r  \  
F x l  
F x 2
xn
y l
yn
[ d ]  [ b ]  dvo l
w h e re  [Bj = tra n s p o se  of |BJ, and the in te g ra t io n  is  c a r r ie d  
out o v er the v o lu m e  o f the e le m e n tW ■ M M
w h e re  f K ]  = e le m e n t s tiffn e s s  m a t r ix
= [ B j T  [ D j  [ B j  dvol 
The com puting  t im e  re q u ire d  to e v a lu a te  [K jd e p e n d s  on the  
d e g ree  o f p o ly n o m ia l used  fo r  u and v«
F o r  tr ia n g u la r  e le m e n ts  w ith  s ix  nodes and  
re c ta n g u la r  e le m e n ts  w ith  e ig h t nodes i t  is  p o s s ib le  to  e v a lu a te  the  
in te g ra t io n  re q u ire d  fo r j^ K j e xp lic itly®  F o r  m o re  c o m p le x  e le m e n ts ,  
n u m e r ic a l in te g ra t io n  p ro c e d u re s  a re  needed and the co m p u tin g  t im e  
is  in c re a s e d .
A lth o u g h  w ith  m o re  c o m p lex  e le m e n ts , le s s  e le m e n ts  
a re  re q u ire d  to re p re s e n t the co n tin u u m , the b andw id th  o f the  
co n tinuum  s tiffn e s s  m a t r ix  is  g e n e ra lly  in c re a s e d , thus  
in c re a s in g  com puting  t im e . The n u m b e r o f nodes u s e d , and hence  
the n u m b er o f equations to be s o lv e d , re m a in s  about the sam e even  
w ith  m o re  co m p lex  e le m e n ts .
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T r ia n g u la r  E le m e n t w ith  s ix  nodes,
y
1
x F IG *  A 1 .2
The nodes a re  n u m b e red  in  an a n tic lo c k w is e  d ire c tio n  s ta r t in g  a t any  
c o r n e r ,  and the even  n u m b e red  nodes a re  a t the c e n tre  of each s ide* 
F o r  c o n tin u ity  i t  can be decided  th a t
u
hence
1 X ,
X + a 3y + a
2
4X
;x
I—1
2
X
1 x i y i
2
*1
^2
2
X
2
2
x 2y
2
y 2
y 3
2
X
3 X 3y 3
2
y 3
y4
2
4 X4y 4
2
y 4
y 5
2
X5 x 5y 5
2
y 5
y 6
2
X
6 X 6y 6
2
y 6
+ a 12y
and the 6 x 6  in v e rs e  [ r ]  m a y  be e va lu a ted  using s ta n d ard  p ro c e d u re s *
[ h ]  =
[ b ]  =
0 1 0 2 x y 0  0. 0 0 0 0 - 0
0 0 0 0 0 0 0 0 1 0 x  2y
0 0 1 0  x  2y 0 1 0 2x y 0
a b c d e f  O O O O O O  
O O  O O O O g h i  j k  1 
g h  i j  k  l a b c d  e f
1a =
C 21
4 2r  , , x  41 4 r 5 i y g = r 31
4
r 51X 4 2 F 6 i y
b s
r 22
2 r  x  
42
4 r 52y h = r 32 4
r  x  
52
4 2 r 62y
c r 23 4 2 r 43X 4 r 53y
i =
r 33
4 r 53X 4 2 r 63^
d = r 24 4 2 r 44X
4
r 54y j = r 34 4
r  x  
54
4 2 r 64y
e = r 25 2 r 45x 4 r 55y
k  =
r 35 4 r 55X 4 2 r 65y
f . =
r 26
+ 2 r  x  
46
4
r 56y
1 =
r 36
4
r 56X
4 2 r  y  
66
[ B ] T  [ d ]  Lb ]  =  _ E _
1
11
‘21
12
‘22
k l 2 = tra n s p o se  of k ^ j  
k ^  and k ^  a re  s y m m e tr ic a l  
l e t  Z = 1
N =
2 2
a +Zg , , 
ab + Z g h  b 4 Z h
a c 4 Z g i b c + Z h i c 24 Z i2
a d + Z g j b d +Z h j c d + Z ij d 2* fZ j2
a e + Z g k  b e + Z h k  c e + Z ik  d e 4 Z jk  e 24 Z k 2
a f+ Z g l b f+ Z h l c f+ Z i l  d f+ Z j l  e f + Z k l ' f 24 Z l ‘
"*•0 ag 4Z g a $bg4Zha ^ c g 4Z ia •)dg4Zja 0eg4Zka ^ fg 4 Z la
b b
•5ah4Zgb 4bh4Zhb $ch 4Z ib * d h 4 Z jb ^eh4Zkb t o 4 Z l b
•}a i4Zgc $b i4Zhc ■Jci4Zic } d i4 Z jc e i4 Z k c 4 £ i4 Z lc
\>aj4Zgd ^ b j4Z h d 0 c j4 Z id } d j4 Z jd  ^e j4 Z k d * f j+ Z ld
^ ak4Z g e $bk4Zhe }c k 4 Z ie ^ d k4Z je  ^e k 4 Z k e ^ fk 4 Z le
$ a l4 Z g f $ b l4 Z h f  ^c l4 Z i f 0 d l4 Z jf ^ e l4 Z k f } f l 4 Z l f
2,™  2g 4 Z a
gh+Zab  h 24 Z b 2
1
„-2g i+ Z a c  h i+ Z b c  i  4 Z c
g j+ Z a d  h j+ Z b d  ij+ Z c d  j 4 Z d 2
g k + Z ae  h k+Zbe ik + Z c e  jk + Z d e  k  4 Z e 2
g l+ Z a f  h l+ Z b f i l+ Z c f  j l+ Z d f  k l+ Z e f  12+ Z f2
190
[D ] ]? } E
1 - ^
a b c d e f  g  ^h  ^i  ^j   ^k  ~)l
3 a ^ b $ c $ d ^ e ^ f g  h i j k  ^
Z g  Z h  Zi  Zj  Z k  Z1 Z a  Zb  Zc  Z d  Ze  Zf
F r o m  the v a lu e s  of a , b , c e tc . i t  can be seen th at a p a tte rn  e m e rg e s
T
fo r  the te rm s  in  the [B] tDJ M  m a tr ix  and th is  is  used in  the  
c o m p u te r p ro g ra m  in  appen d ix  2 .
The fo llo w in g  e xp re s s io n s  m a y  be used fo r  the in te g ra ls  
in v o lv e d  fo r  an e le m e n t o f u n it th ic k n e s s .
Jdxdy = = 1 ( x ! (y 3 - y 5) - y 1 (^ 3 - ^ 5) + (^ 3y 5 -  y 3x 5) }
x = i ( x x + x 3 + x 5) y = |  (Y l + y 3 + y 5).
J x .  d x d y  = A  x  J y  d x d y  = A y
J x y  dx dy  = A_ (x  y + x  y +  x  y )
J y  2 2 4 4  6 6/ 
i
x  dx  d y  =
y  dx dy =
.\ ( 2 2 2.
J± (* + XA + X , )3 2 4 6
A  /  2  2  2 x
A  (y 2 + y 4 + y 6 )
1 9 1
R e c ta n g u la r E le m e n ts  w ith  e ig h t n o d es .
7 6 E
- . .........................
C
O
. ' 4
........................... _. f ...... .. ........ ,
1 2 3
x  F IG .  A 1 .3
Th e  n u m b e rin g  s ta r ts  a t one c o rn e r  and p ro c ee d s  a n tic lo c k w is e  round  
the e le m e n t.
F o r  c o n tin u ity  i t  can be d ec id ed  th a t
2 2 2 2
u = a + a^x + a3^ + a4X + a 5x y  * a£y + a yx y + a gx  Y
2
V  = a g +  a 10x  ------------------------------------------------------- —  —  — —  —  —  —  +  a 16x  y
hence
■ M  -
and the 8 x 8  in v e rs e  M  m a y  be eva lu a ted  us ing  s ta n d ard  p ro c e d u re s .  
T h e  [h ] m a t r ix  is  g iven  b y :-
’0 1 0 2x y 0 y 2 2xy 0 0 0 0 0 0 0 0
2
0 0  0 0 0 0  0 0 0 0 1 0 x  2y 2xy  x
0 0 1 0 x  2y 2xy x2 0 1 0 2x y 0 y^ 2xy
1 x i > i A  x i V y r  x i y i 2 x r 2 y i
e tc .
2 2 2 2 
l x  y x _ x y  y^ x y  x„  y
8 8 8 8 8 8 8 8 8 * 8
1  9  2.
a b c d e f g h O O O  0 0 0 0 0
O O O O O O O O i  j k l m  n p q  
i j k  l m n  p q a b c d e f g h
3. =' r
21 4
2xr
41
+
y r 51
4 2 y r  
y 71
4 2 x y r
81
b = r
22
4 2 x r „o42
+
y r 52
4
2
7 r 72
4
2 x y r 82
c = r 23
4 2 x r
43
•f
y r 53
4
y % 3 4
2 x y r  
 ^ 83
d = r 24 4 2x1- 44 y r 54 4 y 2 r 74 4 2 x y r 84
e = r Z5 4 2 x r 45
+
y r 55 4 y2r75 4 2 x y r 85
f = r 26 4 2 x r 46 + yr56 4 y ^r 76 4 2 x y r 86
g = r 27 4 2 x r 47 + y r 57 4 y2ry ?7 4 2 x y r 87
h = r 28 4 2 x r 48
4 y r 58 4
2
y r 78 4 2 x y r 88
i = r 31 4 x r 51 4 2 y r 61 4 D
O X 'C t—• 4
2
X r 81
j = r 32 4 X r 52 4
2 y r  
y 62
4 2xy r 72 4 x 2r 82
k  = r 33 4 x r 53 4 2 y r 63 4 2 x y r 73
4 x 2 r 83
1 = r 34 4 x r 54 4 2 y r 64
4 2 x y r ?4 4 x 2 rx 84
m  = r 35 4 x r 55
4
Z y r 65
4
2 x y r 75
4 2x  r
85
n = r 36 4 X r 56
4 2 y r 66 4 2 x y r 76 4
2x  r  „ 
86
P = r 37 4 X r 57
4 2 y r 67 4
2 x y r  
■ 77
4 2x r
87
q = r 38 4 X r 58
4 2 y r 68 4
2 x y r  
y 78
4
2
x 88
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T h e  fo llo w in g  e xp re s s io n s  m a y  be used fo r  the in te g ra ls  in v o lv e d  
fo r  an e le m e n t o f u n it th ic k n e s s .
x  = 4 (x l  + x 3 + x 5 + x ?) y = i  (y  1 + y 3 + y 5 + y y)
X 2 = x  + A B S . V A L  of (x  -  x } )
X l = x  - A B S .V A L  o f (x  - x  )
Y  = y + A B S .V A L  of (y  - y . )  ' '
2 1
Y. = y - A B S .V A L  of (y  - y ^
^dxdy  = a re a  = C3 = A B S .V A L  of (4 (x  - x ^ )(y  - y^)) 
J^xdxdy = O x  J"ydxdy = u3 y
J y 2dxdy = °  (4 y 2 + Y l 2 + Y ^ )
f 2 CJ / - 2 2 2 .J x  dxdy = -  (4x  + X  + X  )
_/*xydxdy = Q  x  y
J x 2ydxdy = O  y (X ^  + )
/ x y 2dxdy = Q x (Y „ 2 + Y  Y  + Y  2)
— r —  L  1 m  1
x ^ d x d y  = D  x  
2
/ 2 
-  2
2X
+ x x )
y 3 dxd y  = Q y  
2
( Y 2
2
2X
+ Y 1 }
2 2x  y d xd y  :
1
= 9
/ 3 
2 - Y 13 ) ( X 2
x 3 y d x d y  =
i 4- (X  
8 2 X l 4 ) ( Y 2
J x y 3 d x d y  = .  |  ( X ^  -  X ^ )  ( Y 2 -  Y j  )
J x 4  d x d y  =  g  ( Y ^  -  Y ^ )  ( X ^ 5 -  X j , 5 )  
J y 4 d x d y  =  i  ( y /  -  Y ^ )  ( X , ,  -  X j )
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A P P E N D IX  2
• ■ !
F in ite  E le m e n t C o m p u te r P r o g r a m  fo r  P la n e  S tre ss  C ontinu um s  
i The  p ro g ra m  com putes s tre s s e s  and d e fo rm a tio n s  o f a
co n tin u u m , due to a p p lie d  fo rc e s  o r  d is p la c e m e n ts . S ix  noded
I . .
t r ia n g u la r  and e ig h t noded re c ta n g u la r  e le m e n ts  a re  u sed .
P ro c e d u re_ _ T | I
The  co n tin u u m  is  d iv id e d  in to  a s u itab le  p a tte rn  o f t r ia n g u la r  
and re c ta n g u la r  e le m e n ts .
F IG *  A2« 1 shows a v e r y  s im p le  e xa m p le  w h ic h  is  used  m e r e ly  
as a  sam p le  se t o f data  to i l lu s t r a te  the in p u t re q u ire d  fo r  the  
p r o g r a m , and the p r in te d  output g e n e ra te d  by the p r o g r a m .
The  n o d a l po in ts  m u s t be n u m b e red  in  an o r d e r ly  m a n n e r ,  so 
th a t the ran g e  o f nodal p o in t n u m b e rs  fo r  each  e le m e n t is  k e p t to  a  
m in im u m . T h e  lo w e s t nodal p o in t n u m b e r fo r  each  e le m e n t, m u s t  
be a t  a  c o rn e r  o f the e le m e n t.
S u ffic ie n t nodal p o in t d is p la c e m e n ts  m u s t be s p e c ifie d  to lo c a te  
the  continuum  in  s p ac e . In  the e xa m p le  g iv e n , i t  w ou ld  s u ffic e  to  
l e t  the h o r iz o n ta l and v e r t ic a l  d is p la c e m e n ts  o f nodal p o in t 1 be 
s p e c if ie d , and the  h o r iz o n ta l o r  v e r t ic a l  d is p la c e m e n t o f one m o re  
' s u ita b le  nodal p o in t be s p e c if ie d . H o w e v e r , to p re v e n t tra n s la t io n  
and ro ta t io n  in  th is  e xa m p le  the h o r iz o n ta l d is p la c e m e n ts  o f n o d a l 
p o in ts  1 to 7 a re  set to z e r o ,  and the v e r t ic a l  d is p la c e m e n t o f n o d a l 
p o in t 1 set to z e r o .
In p u t D a ta  
1s t C a rd  (20A 4)
H ead in g  to id e n tify  the p ro b le m . To be Ip rin ted  out w ith  the  
r e s u lts .
2 n d  C a r d  (3 1 4 ,5 1 2 )
C o n tro l D a ta
C o ls * 1 - 4  N u m b e r o f N o d a l p o in ts *
5 - 8  N u m b e r o f E le m e n ts .
9 - 1 2  N u m b e r o f M a te r ia ls .
1 3 - 1 4  In d ic a to r  1 
15 -  16 In d ic a to r  2 
17 -  18 In d ic a to r  3 
1 9 - 2 0  In d ic a to r  4 
2 1 - 2 2  In d ic a to r  5 
U se of in d ic a to rs  
In d ic a to r  1
I f  th is  is  not set to z e r o ,  the fo llo w in g  in fo rm a tio n  is  output 
on C hannel 7 
1 st R e c o rd  (214)
N u m b e r o f e le m e n ts , N u m b e r o f nodal p o in ts .
F o llo w e d  by two re c o rd s  fo r  e v e ry  e le m e n t.
R e c o rd  ( i )  (1 4 ,8 F 8 . 4)
N u m b e r of nodal po in ts  fo r  e le m e n t, x  c o -o rd in a te s  fo r  
e le m e n t nodal p o in ts .
R e c o rd  ( i i )  (8 F 8 .4 )
Y  C o -o rd in a te s  fo r  e le m e n t noda l p o in ts .
In  th is  v e rs io n  o f the p ro g ra m  chann el 7 is  s p e c ifie d  as a tape  
p u n c h , but a c a rd  punch o r a m a g n e tic  ta p e , o r  a d isc  a re a  co u ld  
be u s e d . T h is  da ta  set can  then  be used fo r  o th e r p ro g ra m s  o r  
s u b ro u tin e s . F o r  e xam p le  i t  could  be used in  co n ju n ctio n  w ith  an  
in c re m e n ta l p lo tte r  to draw  out the e le m e n t p a tte rn  u s e d .
Indicator 2.
I f  th is  is  not set to z e ro  the s tre s s e s  a t each nodal p o in t, fo r  
each  e le m e n t, a re  l is te d .  ( I 4 ,2 F 9 .  3 , 5 F 9 . 1 , F 8 . 1 ,4 P 2 F 1 3 .  5) 
In d ic a to r  3 .
I f  th is  is  not set to  z e ro  the e le m e n t nodal p o in t s tre s s e s  a re  
output on chann el 7 . ( I 4 , 2 F 6 . 3 , 5 F 8 .  1 ,F 6 .  1 ,4 P 2 F 8 .  3)
In d ic a to r  4 .
I f  th is  is  not set to z e ro  the a v e ra g e  s tre s s e s  a t each nodal 
p o in t a re  output on chann el 7 . ( I 4 ,2 F 6 .  3 ,5 F 8 .  1 ,F 6 , 1 ,4 P 2 F 8 .  3) 
In d ic a to r  5 .
I f  th is  is  set to  z e ro  the in p u t data  is  p r in te d  o u t.
M a te r ia l  P r o p e r t ie s .
One c a rd  fo r  each  m a te r ia l  (2 F 1 2 , 0)
C o l.  1 -  12 M odu lus  o f E la s t ic ity  
13 -  24 P o iss o n s  R a tio
N o d a l P o in t  D a ta  (1 4 ,1 2 ,4 F 6 .  0)
One c a rd  fo r  each nodal p o in t.
C o l.  1 - 4  N o d a l p o in t num ber©
5 -  6 Code
7 -  12 X  C o -o rd in a te  o f nodal p o in t 
1 3 - 1 8  Y  C o -o rd in a te  o f nodal p o in t 
19 -  24 F o rc e  o r  d is p la c e m e n t in  X  d ire c t io n  
25 -  30 F o rc e  o r  d is p la c e m e n t in  Y  d ir e c t io n .
I f  the  code a 0 i t  is  assu m ed  th a t fo rc e s  in  the X  and in  the  
Y d ire c tio n s  a re  s p e c ifie d .
I f  the code = 1 i t  is  assu m ed  th a t the d is p la c e m e n t in  the
X  d ire c t io n  and the fo rc e  in  the  Y  d ir e c t io n  is  
specified®
2 0 0
I f  the code = 2 i t  is  assu m ed  th a t the fo rc e  in  the X  d ire c tio n  
and the d is p la c e m e n t in  the Y  d ire c t io n  is  
s p e c ifie d .
I f  the code = 3 i t  is  assu m ed  th a t d is p la c e m e n ts  in  the X  and  
in  the Y  d ire c t io n  a re  s p e c if ie d .
N o d a l p o in t card s  m u s t be in  n u m e r ic a l seq u en ce . I f  c a rd s  a re  
o m itte d , the o m itte d  nodal p o in ts  a re  g e n era te d  a t eq u a l in te rv a ls  
along  a s tra ig h t l in e  b etw een  the d efin ed  nodal p o in ts . The code fo r  
each  g e n era te d  p o in t is  set to  the v a lu e  o f the code fo r  the nodal 
p o in t p r io r  to the o m itte d  p o in ts .
E le m e n t D a ta  (914,12)
One c a rd  fo r  each  e le m e n t,
•-H
1 -  4 E le m e n t n u m b er
5 - 8  N o d a l P o in t 1 (T h is  m u s t be the lo w e s t of the e le m e n t nodal
p o in ts , and m u s t a ls o  be fo r  a c o rn e r  o f the  
e le m e n t)
9 - 1 2  N o d a l P o in t 2 
13 -  16 N o d a l P o in t 3 
1 7 - 2 0  N o d a l P o in t 4 
21 -  24 N o d a l P o in t 5 
25 -  28 N o d a l P o in t 6 
■ 29- -  32 N o d a l P o in t 7 
33 -  36 N o d a l P o in t 8 
37 -  38 M a te r ia l  id e n tif ic a t io n  num ber©
E le m e n t C a rd s  m u s t be in  n u m e r ic a l seq u en ce . F o r  t r ia n g u la r  
e le m e n ts  c o ls , 29 - -  36 m u s t be le f t  b la n k . I f  e le m e n t c a rd s  a re  
o m itte d , the nodal p o in t d e ta ils  fo r  o m itte d  e le m e n ts  a re  g e n e ra te d
as fo llo w s :
R e c ta n g u la r  e le m e n ts
N o d a l p o in t 1 = N o d a l p o in t 1 fo r  p re v io u s  e le m e n t + 2
N o d a l p o in t 2 s nodal p o in t 2 fo r  p re v io u s  e le m e n t +  1
N o d a l p o in t 3 »' N o d a l p o in t 3 fo r  p re v io u s  e le m e n t + 2
N o d a l p o in t 4 as. N o d a l p o in t 4 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 5 as N o d a l p o in t 5 fo r  p re v io u s  e le m e n t +  2
i- ■
N o d a l p o in t 6 s  N o d a l p o in t 6 fo r  p re v io u s  e le m e n t + 1
N o d a l p o in t 7 as N o d a l p o in t 7 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 8 as N o d a l p o in t 8 fo r  p re v io u s  e le m e n t +  2
T r ia n g u la r  e le m e n ts
N o d a l p o in t 1 as N o d a l p o in t 1 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 2 as N o d a l p o in t 2 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 3 ' ss N o d a l p o in t 3 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 4 as N o d a l p o in t 4 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 5 as N o d a l p o in t 5 fo r  p re v io u s  e le m e n t +  2
N o d a l p o in t 6 as N o d a l p o in t 6 fo r  p re v io u s  e le m e n t +  2
T he  m a te r ia l  id e n tif ic a tio n  n u m b e r is  set to th a t o f the  p re v io u s
elem ent©
N o tes
The  nodal p o in t s tre s s e s  a re  a v e ra g e d  assu m in g  th a t : -
nodal p o in t s tre s s
iasl 9n
it 'iA
issl an
w h e re  n as n u m b er o f e le m e n ts  connected  to nodal p o in t A
c /□ iA  = s tre s s  in  e le m e n t i  a t nodal p o in t A
0 i A  = angle  subtended by e le m e n t i  a t n o d a l p o in t A
2 0 2
The d im en s io n  of the p ro g ra m  can be v a r ie d  to s u it the s ize  o f
com puter®  A s  l is te d  the p ro g ra m  uses 26K  w o rd s  o f s to re  in  a
1900 s e r ie s  I ,  C* L® c o m p u te r , and im p o ses  the fo llo w in g  l im ita t io n s *
M a x . n u m b er o f nodal po in ts  300
Max® n u m b e r o f e le m e n ts  80
M a x . d iffe re n c e  betw een  nodal 24
p o in t n u m b e rs  o f an e le m e n t
Max® n u m b er o f m a te r ia ls  3
To v a r y  these lim ita t io n s  on ly  the v a lu e  o f the v a r ia b le  N A L ,  
and the re le v a n t c a rd s  o f the C o m m o n  S ta tem en ts  need be changed®
N A L  = 2 *  (Max® d iffe re n c e  be tw een  nodal p o in t n u m b e rs  fo r  
an e le m e n t + 1)
To in c re a s e  the s ize  o f the p ro g ra m
E x t r a  w o rd s  of s to re  needed 9 * e x tra  nodal p o in ts  a llo w e d  
+ 9 * e x tra  e le m e n ts  a llo w e d  
+ 6 * e x tra  m a te r ia ls  a llo w e d  
+ (4 * (N A L  +■ 1 )* N A L  -  10200)
The  to ta l n u m b er o f p ro g ra m  c ard s  to be a lte re d  is  eleven®
T h ese  c a rd s  have C l is te d  in  c o lu m n  73® I f  an  L  B 0 M ,  360 s e r ie s  
c o m p u te r is  u s e d , a l l  the r e a l  v a r ia b le s  w ou ld  have to be o f type  
R E A L * 8 in  o rd e r  to  ob ta in  the sam e p re c is io n  as th a t o b ta in ed  w ith  
the  1900 IC L  s e r ie s  com puter®  T h is  in vo lves  adding the re q u ire d  
IM P L IC IT  R E A L * 8  ( A - H , 0 - Z ) ,  s ta te m e n t in  the m a in  seg m en t and  
each  s u b ro u tin e , and changing a l l  ca rd s  co n ta in in g  s ta n d ard  fu n c tio n s  
to double p re c is io n  fu n ctio n s* T h ese  c a rd s  have D  l is te d  in  c o lu m n  73® 
C hannels  11 , 12 and 13 a re  d e fin ed  as m a g n e tic  tapes but i f  
d iscs  a re  a v a ila b le  i t  is  m o re  e ff ic ie n t  to use those®
2 0 3
In  som e I„ B 0 M 0 360 s e r ie s  o p e ra tin g  s y s te m s , the s ta te m e n t 
B A C K S P A C E  used in  the S O L V E  sub ro u tin e  w i l l  not work® In  th is  
case e ith e r  d ir e c t  access should be used w ith  d is c s , o r the tape o r  
disc  rew ou nd  and re a d  fro m  the beg inn ing  u n til the re q u ire d  re c o rd  
is  reached© To  do th is  in v o lv e s  re m o v in g  s ta te m e n t n u m b e r 80 and 
the two fo llo w in g  s ta tem en ts  in  the su b routine  S O L V E  and adding
80 R E W IN D  (11 )
D O  81 K  s  1 SN B
81 R E A D  (11 ) (F S T (N ) ,  (S S T (N ,M ) ,  M  ss 2 , M B  A N D ) ,N  = 1 , N A L )
S ince the c o re  s to re  used by the p r o g r a m , is  u s u a lly  s p e c ifie d
so th a t i t  u t i l is e s  the m a jo r i ty  o f the c o re  s to re  o f the p a r t ic u la r  
c o m p u te r being  u s e d , i t  is  u s u a lly  e c o n o m ic a l to w r i te  a s e p a ra te  
p r o g r a m , ju s t to check the in p u t d a ta , b e fo re  i t  is  used w ith  the  
m a in  p ro g ram ©  T h is  p ro g ra m  w ou ld  beg in  w ith  the sam e in p u t 
ro u tin e s  as the m a in  p r o g r a m , to g e th e r w ith  s u itab le  data  check ing  
routines©  The  fo llo w in g  a re  som e checks w h ich  can be made©
(a) C heck th a t the n u m b er o f nodal p o in ts , e le m e n ts , m a te r ia ls  
and the m a x im u m  d iffe re n c e  be tw een  e le m e n t n o d a l p o in t  
n u m b e rs , a re  w ith in  the p re s c r ib e d  d im ensions©
(b) E le m e n t nodal p o in t n u m b e r 1 is  the s m a lle s t  nodal p o in t  
n u m b e r fo r  each elem ent©
(c) E ac h  nodal p o in t n u m b er has been used w ith  a t le a s t  one 
elem ent©
(d) E le m e n t nodes a re  n u m b e red  an tic lo ckw ise©  T h is  is  done 
by te s tin g  th a t the fo rm u la  g iven  fo r  the a re a  o f a t r ia n g le  
gives a p o s itiv e  area©
(e ) I f  an in c re m e n ta l p lo tte r  is  availab le©  Use the inpu t data  
set to d raw  a p ic tu re  o f the e le m e n t pattern©  T h is  is  a 
v e r y  d e s ira b le  c h e c k , because even a f te r  the p re c e d in g  
n u m e r ic a l checks have been m a d e , i t  is  p o s s ib le  to  
o v e rlo o k  e r r o r s  in  a c o m p lex  data  set w h ich  a re  e a s ily  
lo c a te d  by th is  v is u a l check©
In  the p ro g ra m  lis te d  h e r e ,  m o s t o f these checks have been  
in c lu d ed  in  the m a in  p ro g ra m  in  o rd e r  to avo id  l is t in g  two p ro g ram s©  
T h e  ro u tin e  fo r  p lo ttin g  the e le m e n t p a tte rn  has not been in c lu d ed  
because the fo rm  o f th is  ro u tin e  v a r ie s  s ig n if ic a n tly  w ith  d if fe re n t  
c o m p u te r - in c re m e n ta l p lo tte r  in s ta lla tio n s©  S im i la r ly ,  a lthough  
o n ly  n u m e r ic a l outputs f ro m  the p ro g ra m  a re  l is t e d 3 an in c re m e n ta l  
p lo tte r  can be used to g ive a m o re  e a s ily  u n d ers to o d  v is u a l output©
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APPENDIX 3
C o m p u te r  P r o g r a m  to  E v a lu a te  S tre s s e s  f r o m  P h o to  E la s t ic  O b s e rv a t io n  
T he  p r o g r a m  is  f o r  use  on a r e g u la r  r e c ta n g u la r  g r id ,  w i th  
th e  n o r m a l s t r e s s  a t  the  b o u n d a ry  b e in g  z e r o .
A t  le a s t  5 ro w s  m u s t  be u s e d  on  the  g r id  to  e n a b le  n u m e r ic a l  
in te g r a t io n  in  th e  y  d i r e c t io n  to  be c a r r ie d  o u t.
P ro c e d u re  t o E n te r  D a ta
F i r s t  C a rd  (1 0 A 8 )
E n te r  H e a d in g .
Se co n d  C a rd  (4 1 4 ,8 F 8 .3 )
C o l.  1 -  4 N u m b e r  o f  c o lu m n s .
5 - 8  N u m b e r  o f  ro w  s .
9 - 1 2  N u m b e r  o f  v a lu e s  o f to  be re a d  in  asb x
d a ta  i . e .  m e a s u re d  s lo p e s  o f th e  g ra p h
o f 9 n j x  in  re g io n s  w h e re  th e  s lo p e  is
c h a n g in g  r a p id ly .  T h e  v a lu e s  e n te re d
b e in g  the  a n g le  in  d e g re e s  w h ic h  the  ta n g e n t
m a k e s  w ith  the  x  a x is .
13 -  16 N u m b e r  o f  v a lu e s  o f  to  be re a d  in  as  d a ta .
b x
17 - 24 S ca le  f o r  0 (d e g r e e s / in c h )  on  g ra p h  o f 0 AJ x .
25 -  32 S ca le  f o r  x  ( in s .  on  m o d e l/ in )  on  g ra p h  o f  0 n j x .
33 - 40 S ca le  o f N  ( f r in g e s / in )  on  g ra p h  o f  N  AJ x .
41 -  48 S ca le  o f x  ( in s .  on  m o d e l / in )  on  g ra p h  o f  N  a j  x .
49 -  56 M a te r ia l  f r in g e  v a lu e  f o r  m o d e l.
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57 - 64 T hickn ess  of m od el in .
65 -  72 U n ifo r m  d is ta n c e  b e tw e e n  c o lu m n s .
73 -  80 U n ifo r m  d is ta n c e  b e tw e e n  r o w s .
T h ir d  C a rd  ( E 1 2 . 4 , F 8 . 3 )  :
C o l.  1 -  12 Y o u n g s  M o d u lu s  f o r  th e  m o d e l m a t e r ia l .
13 -  20 P o is s o n s  R a t io  f o r  th e  m o d e l m a t e r ia l .
F o u r th  C a rd  (212, 2 F 6 . 3)
C o l.  1 - 2  E n te r  1 in ,  c o l .  2 i f  the  s ta r t in g  edge is
in  c o m p re s s io n .
3 -  4 E n te r  1 in  c o l .  4 i f  the  v a r io u s  s lo p e s  a nd
ro u n d in g  e r r o r s  a re  n o t to  be p r in te d  o u t .
5 -  10 E s t im a te d  ro u n d in g  e r r o r  in  0 d e g re e s .
11 -  16 E s t im a te d  ro u n d in g  e r r o r  in  N  f r in g e s .
F i f t h  and  S u b se q u e n t C a rd s  (9 F 0 .0 )
E n te r  v a lu e s  o f N ,  9 v a lu e s  p e r  c a r d .  T he  v a lu e s  to  be 
e n te re d  c o lu m n  b y  c o lu m n  in  o r d e r .
N e x t  s e t o f  C a rd s  (9 F 0 .0 )
E n te r  v a lu e s  o f  0 , 9 v a lu e s  p e r  c a r d ,  the  v a lu e s  to  be e n te re d  
c o lu m n  b y  c o lu m n  in  o r d e r .
N e x t  s e t o f  C a rd s  (214, F S . 2)
I f  v a lu e s  o f J“L®.are to  be re a d  in ,  e n te r  e a ch  lo c a t io n  and  
s lo p e . One c a rd  p e r  lo c a t io n .
C o l.  1 - 4  V a lu e  o f  I  c o l,
§ -  8 V a lu e  o f  J r o w .
9 - 1 6  Slope in d e g r e e s .
N e x t  s e t o f  C a rd s  (214, F 8 .  2)
^  NI f  v a lu e s  o f  r—  a re  to  be re a d  in ,  e n te r  e a ch  lo c a t io n  and  
6  x
s lo p e .  One lo c a t io n  p e r  c a r d .
C o l.  1 -  4 V a lu e  o f  I  c o l.
5 - 8  V a lu e  o f  J  r o w .
9 -  16 S lope  in  d e g re e s .
N o te : I f  v a lu e s  o f  and  a re  n o t re a d  in  f o r  th e  f i r s t  a nd— —  J>x
la s t  c o lu m n s , the  o u tp u t d a ta  f o r  th e s e  c o lu m n s  w i l l  h a ve  no  
s i 
O u tp u t
a) T h e  in p u t  c o n t r o l  d a ta  is  p r in te d  o u t.
b) U n le s s  p r in t in g  is  s u p p re s s e d  th e  fo l lo w in g  is  p r in te d  o u t
f o r  e a ch  g r id  p r in t .
■ 2 
_J)0 ra d s  / i n .  b N  f r in g e s  / i n .  b l b f / i n  / i n .  e r r o r  in
b x  5 x  b  x
2
b Y  due to  ro u n d in g  e r r o r s  l b f / i n  / i n ,  c o r re s p o n d in g  
b x
2  . 2
c u m u la t iv e  e r r o r  in  c / l b f / i n  , ro u n d in g  e r r o r  in  T  l b f / i n  .
c ) F o r  each  c o lu m n .
F o r c e  on  s e c t io n  in  y  d ir e c t io n  /  T t  S y
' —  ,  x y
F o r c e  on s e c t io n  in  x  d i r e c t io n   ^ & Y '
M o m e n t o f  fo r c e  in  x  d i r e c t io n  a b o u t x  = 0 x x « x  . t  % y  
fo l lo w e d  b y ,  f o r  e a ch  g r id  p o in t  on  the  c o lu m n
- f  ,  o '  > c r '  • o '  > o '  . n ,  0 ° ,  Y f ,  E  p p
1 x y  °  x x  °  y y  u  p p  q q  - j ~
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A P P E N D IX  5
P r o b l e m
The v a lu e s  of a  v a r i a b le  Z ( fo r  e x am p le  the  p r in c ip a l  s t r e s s )  
a r e  know n a t  the  n  p o in ts  (x^ y^ ) show n in  Fig* A5* 1, and  i t  is  
r e q u i r e d  to d e te r m in e  the  v a lu e s  of Z a long  the l in e  GH.
x.
F i g * A 5 , 1
M ethod
It is  a s s u m e d  th a t  Z c a n  be p r o p e r l y  e x p r e s s e d  by the  
fo llow ing  m o d e l  : -
2 2 3
Z = B q + B ^ x + + B  3 x y + B4y + xy  + B^ y  + e r r o r - ( ]
so  th a t  fo r  the  n  v a lu e s  of Z 
Z = CB + £
w h e re  Z is  an  (n x  1) v e c to r  of o b s e r v a t io n s  ( s t r e s s e s )
2 2 3
C is  the  (n x  7) m a t r ix )
l x i y ix i y iy i x i y  i y i
2 2 3
1 x  y x  y y x  y y 
n n  n n n n  n  n
B is  an  (n x  1) v e c to r  of p a r a m e t e r s  
£  is  an  (n x  1) v e c to r  of e r r o r s
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The su m  of the  s q u a r e s  of the  e r r o r s  is
T T
£  £  = (Z - CB) ( Z  - CB)
T T T T T T
= Z Z - B C Z - Z . C B .  + B C  CB
i j i  i j i  i j i  i j i  i j i
= Z Z - 2B C Z + B C  CB
T T(s in c e  B C Z is  a  l  x  l m a t r i x  )
T
(•whose t r a n s p o s e  Z CB m u s t  h av e  )
(the s a m e  v a lu e
fo r  the  b e s t  l e a s t  s q u a r e s  f i t
&) = 0 =■ EC Z + 2C Cb w h e re  b is  the  b e s t  e s t i m a te
b  B
of the  v e c to r  B
T - 1 t  
b = (C C) C Z
If th is  p r o c e d u r e  i s  u s e d  w ith  the  raw  d a ta ,  ro u n d in g  e r r o r s  
c a n  be t ro u b le s o m e  in  the e v a lu a t io n  of ( c ^ c )  * due to  the  m a g n i tu d e
a n d  r a n g e  of the  v a lu e s  of the  e le m e n ts  of the  m a t r i x  to  be in v e r t e d .
In o r d e r  to  r e d u c e  th e s e  e r r o r s
1. C e n t re  the  d a ta ,  by m o d ify ing  e q u a tio n  (1) to  b e c o m e
- _ _ 3 “1
(Z - Z) = .B j(x - x )  + B ^ y - y )  + B (y - y ) ,+ e rro r-(2
w h e r e  Z is  th e  m e a n  v a lu e  o f  th e  Z s
X is  th e  m e a n  v a lu e  o f  th e  x  s
e tc .
T his  w ill  r e d u c e  the  ra n g e  of n u m b e r s  in c lu d e d  in  the  C m a t r i x ,
an d  h e n ce  i n c r e a s e  the  p r e c i s i o n  of the  c a lc u la t io n s
2 . E q u a tio n  (2) shou ld  be f u r th e r  m o d if ie d  to the  f o r m
P = A M + A M +  A M + e r r o r  - (3)
1 1 2 2 6 6
w h e re
P  = ( z  - z ) / (  r  n ( £  - z )  ) 
M = 1
2 8
- 2 2
M^= (x - x) /  ( ^  n (V  (x ■ x) ) 
M = 1
e t c o
and  the  b e s t  l e a s t  s q u a r e s  f i t  i s  g iv en  by 
P  = M b .  -(4)
w h e r e q i s  the  b e s t  e s t im a te  of the v e c to r  A ,  and  is  g iv e n  by
the  e x p r e s s io n
T -1 T 
a = [m  m J" M P  - (5)
w h e re  [M  M jis  the  c o r r e l a t i o n  m a t r i x  of C so th a t  i t  is  
s y m m e t r i c a l ,  the  d iag o n a l  t e r m s  a r e  a l l  u n i ty ,  an d  a l l  the  off d ia g o n a l  
t e r m s  l ie  b e tw een  - 1 and  +1, h e n ce  the  ro u n d  off e r r o r s  in  f ind ing  i t s  
in v e r s e  a r e  m inim ised®
The c o r r e l a t i o n  m a t r i x  m a y  a lso  be u s e d  to ex am in e  the  
v a l id i ty  of the  c h o se n  m o d e l  (eq u a tio n  (1) )* F o r  a  d i s c u s s io n  of th is  
a s p e c t  of the  u se  of the  c o r r e l a t i o n  m a t r i x  to g e th e r  w ith  a  m o r e  
d e ta i le d  ex p lan a t io n  of the  g e n e r a l  p r o c e d u r e  r e a d e r s  shou ld  c o n su l t  
ref® 70
Once o .has  b e e n  d e te r m in e d  by e q u a t io n  5 , the  v a lu e  of b , 
i f  r e q u i r e d  is  g iven  by
3
b = Z - b x  - b y - b xy  - - - - b y 
o 1 2 3 6
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1 1 L U 1
(Z
r n
^ i = i
X
Z )
W 2
b = 
6
a y n  ( z
^ i=l i
i r .
(y3 -  y  )
i =l
In the  c o m p u te r  p r o g r a m  (BL40) w h ich  fo l lo w s , the  c o r r e l a t i o n  
m a t r i x  is  u s e d  w ith  double  p r e c i s i o n  a r i t h m e t i c  to d e te r m in e  the  
v e c to r  f r o m  equa 5, and  then  eq u a tio n  4 is  u s e d  to  f ind  the  v a lu e s  
of the  e le m e n ts  of P  and  h en ce  Z ,  a t  equa l in t e r v a l s  (11 v a lu e s )  
a long  the l in e  GH©
The d a ta  to be e n te r e d  in to  the  p r o g r a m  is  d e s c r ib e d  in  the  
c o m m e n t  l i n e s ,  and the  p r o g r a m  g e n e r a te s  the  in te r p o la te d  v a lu e s  
of <^x , c / y 3 x y ; ^Lp^ <3^ p an d  0 a long  a  l in e  in  e a c h  of the  
s p e c i f ie d  areas©  T h e se  v a lu e s  a r e  p r in t e d  out fo r  in s p e c t io n  and  
a l s o  p u n ch ed  out on p a p e r  tape© T his  p a p e r  tap e  is  u s e d  a s  in p u t  
f o r  the  p r o g r a m  (BL52) w h ich  is  a l s o  listed© T h is  p r o g r a m  
(BL52) p lo ts  n o r m a l i s e d  g ra p h s  of ^ ^ c sx y , p and  © of the  f o r m  
show n in  Fig© 3© 6 , u s in g  an  in c r e m e n t a l  plotter© The r o u t in e s  
u s e d  in  th e s e  p lo ts  a r e  only  a v a i la b le  on £, C* L , m achines©
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